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Abstract. We prove a Large Deviations Principle (LDP) for systems of diffusions 
(particles) interacting through their ranks, when the number of particles tends 
to infinity. We show that the limiting particle density is given by the unique 
solution of the approriate McKean-Vlasov equation and that the corresponding 
cumulative distribution function evolves according to the porous medium equation 
with convection. The large deviations rate function is provided in explicit form. 
This is the first instance of a LDP for interacting diffusions, where the interaction 
occurs both through the drift and the diffusion coefficients and where the rate 
function can be given explicitly. In the course of the proof, we obtain new regularity 
results for a certain tilted version of the porous medium equation. 
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1. Introduction 

Recently, systems of diffusion processes (particles) interacting through their ranks 
have received much attention. For a fixed number of particles JVeN, these are given 
| by the unique weak solution of 

(1.1) 

K ' N N 

dXi{t) = b i Mx^x^it)} M + °j 1 {x l (t)=x u) (t)} dWt{t), i — l,2,...,N, 

where b\, . . . , fejy are arbitrary real constants, 01, 02, . . . , crjv are arbitrary posi- 
tive constants, W±, W%, . . . , Wn are independent standard Brownian motions and 
^ . X(i)(t) < X(2)(t) < ... < X(N)(t) are the ordered particles at time t. 

d; 

The existence and uniqueness of the weak solution to (11. ip was shown in the work 
[3], which was motivated by questions in filtering theory, and the system (II. ip has 
reappeared in the context of stochastic portfolio theory under the name first-order 
market model (see the book [H] and the survey article JI5]). Due its central role 
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in the analysis of capital distributions in financial markets and long-term portfolio 
performance therein, as well as its intriguing mathematical features, the ergodicity 
and sample path properties of the model have undergone a detailed analysis in the 
case that the number of particles is fixed (see [6], [7J, [19], [20] and [21]). Moreover, 
concentration properties of the solution to (11.11) for large values of N have been 
studied in [33] and an analogous infinite particle system has been constructed and 
analyzed in [32]. 

In the article [37] , it was observed that the system of SDEs (11. ip can be rewritten 

as 

(1.2) dX t {t) = &(i> (t) pQ(t))) dt + a(F pN(t) (X t (t))) dWt(t), i = 1, 2, . . . , N, 

where p N {t) = -k Yli=i ^>(*) ^ s the empirical measure of the particle system at time 
t, F p NM is the corresponding cumulative distribution function, and b : [0, 1] — > R, a : 
[0, 1] — > (0, oo) are functions satisfying &(^) = bj, <J\j^) = o~j for all j — 1, 2, . . . , N. 
The representation (11 .2p allows to view the particle system (II. ip as a system of dif- 
fusion processes interacting through their mean-field and gives rise to questions on 
the large N behavior of the empirical measure in ( II. 2p . The significant mathemati- 
cal challenge here comes from the discontinuity of the diffusion coefficients in ( 11. 2p . 
already at the level of a law of large numbers addressed in (37] . The latter is ob- 
tained in [37] under the assumption that the process of spacings between consecutive 
ordered particles in ( II. 2p evolves under its stationary distribution (in particular, it 
was assumed that b is such that the stationary distribution exists). In this case, it 
was shown that the limiting particle density 7 follows the McKean- Vlasov equation 

(1-3) / /d 7 (0- / /d 7 (0)= f [ [K^)(-))/ , + ^(^( s )(-)) 2 r]d 7 ( S )d S 
Jm. Jr Jo Jr z 

for all Schwartz functions / and t E R, and that the corresponding cumulative dis- 
tribution functions R = F 7 (.)(-) evolve according to the porous medium equation with 
convection (see the book [12] and the references therein for a thorough treatment) 

(1.4) Rt = (£(#)),, + (e(R)) x , 

where £(■) = j Q \a 2 {u) du and 0(-) = f Q b(u) du. 

In this paper, we prove a Large Deviations Principle (LDP) for the sequence {p N , 
N G N} of paths p N (t), t e [0, T] of empirical measures, where T > is arbitrary, but 
fixed throughout. As we will explain below, the LDP implies a law of large numbers 
for {p N , N e N}. Both results are shown under mild regularity assumptions on the 
functions b, a and on the initial empirical measures {p 7V (0), iV G N}. In particular, 
the stationarity assumption on the process of spacings, which was crucial in the 
analysis of [37], can be omitted here. 
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Assumption 1. The function b is Lipschitz on [0,1]. Moreover, the deterministic 
initial empirical measures {p N (0), N G N} converge weakly to po as N — > oo for some 
probability measure po on R, and supjv gN f R \x\ 1+r * dp N (0) < oo for some p G (0, 1). 

Assumption 2. The function A := |o~ 2 is strictly positive, continuously differen- 
tiable with a Lipschitz continuous derivative on [0, 1]. Moreover, the measure po has 
a continuously different iable density 9 with respect to the Lebesgue measure on R 

such that 9 G L 3 (R), l ( -oo,o], ^^l&oo), ^ e and J R \x\dp < 00, 

with the convention § = throughout the paper. 

F 2 (1—F ) 2 

We remark that -^ 2 -l(_ OO]0 ], - — j^— l(o,oo) £ L (R) imply, in particular, that the 
support of po is given by a (possibly unbounded) interval, which contains 0. However, 
one can carry over all our results to measures obtained from po by translations, by 
simply translating the particle systems accordingly. 

To state the LDP, we introduce the following notation. We write M^R) for the 
space of probability measures on R, which we view as a metric space with the metric 
being given by the Levy distance 
(1.5) 

d L (ai, a 2 ) := inf{e > 0| V open Oct: a\{0) < a 2 (O e ) + e, a 2 {0) < ai(O e ) + e}. 

Here, O e stands for the e-neighborhood of O in R. We let C([0, T], Mi(R)) stand for 
the space of continuous functions from [0, T] to M\ (R) endowed with the metric 

(1-6) d(7i(0,72(0)= sup d L { lx (t)Mt)), 

te[o,T] 

and for each 7 G C([0, T], Mi(R)) we identify 7 with the aggregate cumulative dis- 
tribution function R = F 7 (.)(-). We write R^ for [0, T] x R, m for the Lebesgue 
measure on M.t and 5 for the space of functions (7 on R^, which are infinitely dif- 
ferentiable and such that, for all t G [0,T], g(t,-) is a Schwartz function on R. 
Finally, we define J 7 as the collection of 7 G C([0, T], Mi(R)) starting at 7(0) = po, 
such that t H- J R g(t, .) d7(t) is absolutely continuous on [0, T] for each g G 5, and 
i? = F 7( .)(-) G C h {R T ) with 

(1.7) i? xx G L 9 (R r ), i? x G L 3 (R r ), I &■ dm < 00, / |± dm < 00, 

7r t -Kx JR t fix 

(1.8) / Ix^+^dm < 00, 

for g = 3/2. Our main result then reads as follows. 

Theorem 1.1. Under Assumptions^ [21 the sequence {p N , iVeN} satisfies a LDP 
on C([0, T], Mi(R)) twi/i i/ie good rate function 



(1.9) J( 7 ) = 

00, otherwise, 



R t -(A(R)R x ) x +b(R)R x 
a{R)R x 



L 2 CR^._R^ dm) 



if 7 G J" 
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and scale N. 

In particular, Theorem 11.11 implies the following law of large numbers for the 
sequence {p N , N G N}. 

Corollary 1.2. Under Assumptions [H [2], i/ie sequence {p N , N G N} converges 
almost surely to the unique path 7 e J, /or which the corresponding function R is a 
generalized solution of the Cauchy problem 



Indeed, by [T8~| Theorem 4] there is a unique nonnegative continuous bounded gen- 
eralized solution of the problem fll.lOp in the sense of [181 Definition 4] . In addition, 
the explicit formula for the rate function in Theorem 11.11 shows that for every path 
7 G J 7 , which satisfies J(7) = 0, the corresponding function R is a nonnegative con- 
tinuous bounded generalized solution of the problem (11.101) . Therefore, Corollary 1 1.2 1 
follows from the LDP of Theorem 11.11 and the goodness of the rate function there. 

In [5], the authors prove a LDP for systems of diffusions with drift coefficients 
being continuous functions of the value of the diffusion and the empirical measure of 
the whole system, and diffusion coefficients being constant and same for all diffusions. 
There, the LDP is shown by a clever application of the Girsanov Theorem, which 
allows to move from the system of interacting diffusions to the corresponding system 
of independent diffusions on the event that the path of empirical measures is near a 
deterministic path of probability measures and to establish the local LDP. In our case, 
this approach is not viable due to the interaction through the diffusion coefficients in 
(II. 2p . Moreover, the discontinuity of the drift and the diffusion coefficients presents 
an additional challenge. Even on the level of the law of large numbers as in Corollary 
II. 2[ previous works had to assume that there is no interaction through the diffusions 
coefficients (see [22], [5], [I] and the references therein), or to work with very special 
initial conditions (see [ST]). We overcome these challenges, but remark that our 
analysis relies rather heavily on the particular form of the drift and the diffusion 
coefficients in (11.21) . 

A crucial part of the proof of Theorem 11.11 is devoted to the study of generalized 
solutions to porous medium equations with tilt: 



The following regularity results, which we need in the proof of Theorem II. 1[ are also 
of independent interest. 



(1.10) 



Rt = (A(R)R X ) X - b(R)R x , R(0, •) = F po (-) . 



(1.11) 



Rt = (A(R)R x ) x + hA(R) R. 



Theorem 1.3. Let R G C^Ry) be such that, for every t G [0, T], the function R(t, ■) 
is a cumulative distribution function of a probability measure 7(t). Suppose that R is 
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a generalized solution to (11. lip with initial condition R(0, •) = F Po (-), where A and 
Po satisfy Assumption^ and h is a function on M.? such that 

(1.12) / h 2 (t,x)d-f(t)dt < oo. 

Jw. T 

If, in addition, R satisfies the moment condition 

(1.13) / \x\ 1+L d~f{t) dt < oo 

for some t6 (0, 1), then (11. 7p holds for all | < q < |. 

The rest of the paper is devoted to the proofs of Theorems 11.11 and 11.31 In the 
next section we present the different ingredients of the proofs and explain how they 
can be combined to obtain the two main theorems. 

2. Outline 

To be able to describe the outline of the proofs, we need some additional no- 
tation. We write (a, f) for J R fda for any / in the space of continuous bounded 
functions C&(R) and any a £ Mi(M). Moreover, we let A be the space of paths 
7 £ C([0,T],Mi(R)) starting at 7(0) = p Q , such that R = F l(t) £ C b (R T ) and 
the moment condition fll . 13j) holds for rj £ (0, 1) of Assumption [TJ Setting TZ]g = 
gt + b(R)g x + A(R)g xx , the functional 

(2.1) 9(t, g) = ( 7 (t), 9) - ( 7 (0), - / ( 7 (a), T^g) ds 

Jo 

on S, with $>(g) := 3>(T, g) and inner product 

(2.2) Cf,<?) 7 = / f x g x A{R)d 1 {t)dt 
on S, we consider the functional 

(2.3) /( 7 ) = J sup se5 " {9, 9) 7 ] , 76^ 

\ 00, otherwise 

on C([0,T],Mi(R)). Further, let .4 denote the collection of 7 £ .A such that t (->■ 
(7(t),g(t, •)) : [0, T] — j- IR is absolutely continuous for each g & S and consider also 
the functional 



(2.4) J( 7 ) = { SU P 56 5 4 Jo ( 7 (W) (g L)2) dt ' 7 G ^ 

00, otherwise 



1 2 



on C([0, T], Mi(R)). Note that if 1(7) < 00 then for any 5 £ 5 
$(T '^ ) = / T [^(7W^)-(7(*),^) 
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so (taking here a 2 := ( 7 (t), A(R)(g x ) 2 )), by the elementary inequality 2a\ — a 2 < 
a\ G R, ci2 > we deduce that 1(7) < 1(7) < 00. 

In addition, we introduce the set Q C T of all paths 7 such that R(t, •) = F^(-) 
is differentiable in t and twice differntiable in x, with R x strictly positive and (11. lip 
holding pointwise for some Lipschitz function h G Cfe(lRr)- Finally, for each 7 G 
C([0, T], Mi(R)) and 5 > 0, we write -8(7,5) for the open ball of radius 5 around 7 
in C([0,T],M 1 (R)). 

As we explain below, Theorems 11.11 and 11.31 are consequences of the following five 
propositions. 

Proposition 2.1. For all 7 G A with 1(7) < oo ; one has J{^) = ^(7) < -^(7)- In 
particular, the inequality J( 7 ) < 1(7) holds for all 7 G C([0, T], Mi(R)). 

Proposition 2.2. If 7 E A with 1(7) < 00 £nen R = F 7 (.\(-) satisfies (11.71) for all 
§ < g < |- That is: 

(A) R x G L 3 (R T ), 

(B) R t , R xx G L q {R T ) for all §<?<§, 
(°) k T % dm < 00 > Ir t i dm < 00 ■ 

Proposition 2.3. Let 7 G C([0, T], Mi(R)) be such that 7(7) < 00. Then, there 
exists a sequence {^ M , M G N} C Q such that 7 A/ 7 m C([0, T], Mi(R)) in £ne 
/zrmt M — > 00 and 

(2.5) lim J( 7 M ) = J( 7 ). 

M— >-oo 

Proposition 2.4. For every 7 G C([0, T], Mi(R)), ine /oca/ /arge deviations upper 
bound 

(2.6) lim lim sup -J- log G 5(7,5)) < -J( 7 ) 

(54-0 jV->00 TV 

holds. Moreover, the sequence {p N , N E N} is exponentially tight in the sense that 
for every M > there exists a compact set Km C C([0, T], Mi(R)) ; /or which 

(2.7) lim sup — log P(p w £ # M ) < — M. 
Proposition 2.5. For ever?/ 7 G iae /oca/ /arae deviations lower bound 

(2.8) hmliminf i-logP(p 7V G 5( 7 ,5)) > -J( 7 ) 

54-0 N— >oo iV 

no/ds. 



We will show now how Theorems 11.11 and 11.31 can be obtained from the latter five 
propositions. 
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Proof of Theorem 11.11 From [TQl Theorem 4.1.11] and [101 Lemma 1.2.18] we 
conclude that our Theorem 11.11 will follow if we can show 

(2.9) limlimsup — log F(p N G B(j,5)) < -J(j) and 

(2.10) limliminf — logP(p 7V G B{~f,5)) > -J(j) 

510 N^-oo N 

for all 7 G C([0, T], Mi(M)), and that the sequence {p^, iV G N} is exponentially 
tight in the sense of (12. 7p . However, (I2.9p is a consequence of Propositions 12.41 and 
12.11 Moreover, (I2.10p holds for all 7 G Q by Proposition 12.51 Now, for every fixed 
7 G J 7 and 5 > 0, we can pick a sequence {7 A/ } C £ as in Proposition 12.31 such that 
£(7 M , 572) C £(7, 5) for all 5' < 5 and M > M (6). Taking the limit 5' I followed 
by M t 00, we conclude 

(2.11) liminf ^-logP(p Af G Bh,8)) > - liminf J( 7 M )- 

Passing to the limit 5 J, and using Proposition 12.31 one ends up with (12. 10p for all 
7 G J 7 . Moreover, for all 7 ^ J 7 , the bound (I2.10p is trivially true. Lastly, exponential 
tightness of the sequence {p N , iV G N} is part of Proposition 12.41 □ 

Proof of Theorem 11.31 We first note after integration by parts in space, that 
having R = F 7 (.)(-) as generalized solution of (ll.lip . is equivalent to 

(2.12) $(t,g) = - I ( 1 (s),b(R)g x + hA(R)g x )ds, 

Jo 

for any g G S and t G [0, T]. Thus, taking here 6 = without loss of generality, and 
denoting by S x the space of spatial derivatives / = g x of g G <S, we see that for 7 as 
in Theorem 11.31 



7(7) = sup [ / (-hA(R)f-A(R)f 2 )d 1 (t)dt 

( - h A(R)f - A(R)f 2 ) dj(t) dt 



fes x 
< sup 

/eL 2 (M T ,d7(t)dt) 

The latter supremum is attained for / = —\h and its value is finite due to our as- 
sumption (11.121) . Consequently, in this case 1(7) < 00. Our assumptions in Theorem 
11.31 further guarantee that 7 G A (with rj — 1), hence in view of Proposition I2.2[ such 
R = F 7 (t) satisfies the regularity properties ( 11.71) . as claimed. □ 

In the following six sections we give the proofs of the propositions above in the order 
in which they are stated. The proofs of the Propositions 12 . 1\ 12 . 21 and 12 . 3 1 are analytic 
for the most part and rely on results from [25l |26l [28] concerning linear and non- 
linear parabolic equations with non-smooth coefficients. The proofs of Propositions 
12.41 and 12.51 are probabilistic for the most part and involve tools from the theory of 
large deviations and stochastic analysis. 
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3. Proof of Proposition [27T1 

We fix 7 £ A with 7(7) < 00, let R = F 7 q(.) and consider the Hilbert space H 
given by the closure of S under the norm corresponding to the inner product (-, -) 7 
of (12. 2p . As remarked in the outline, 7(7) < 7(7) < 00, so that 

sup [$(#) - (g,g),,] = 7(7) < 00. 

Thus, $ is a bounded linear functional on S with respect to the norm induced by the 
scalar product (•, -) 7 . Consequently, there exists a unique bounded linear functional 
$ on H, whose restriction to S coincides with $. Now, by the Riesz representation 
theorem, there is a unique element h £ H, which satisfies &(g) = (h, g) 1 for all g £ H. 
Combining this with the fact that S is by definition dense in H, we obtain 

(3.1) 7(7) = sup - (g, £f) 7 ] = sup [(h, #) 7 - (5-, #) 7 ] = -(h, h) 7 . 
Furthermore, by the definition of h and $, /i x £ L 2 (IR^, d7(t) dt) satisfies 

(3.2) $(t,g)= [ (^XgxAiR))^ 



o 



for t = T and any g £ S. In particular, considering Schwartz functions g supported 
on K t we have that (13.21) applies also for any t £ [0, T]. Comparing this with (I2.12p 
we deduce that R is a generalized solution of the partial differential equation (II. lip 
for 

(3.3) h=-h x - . 

K ' A(R) 

In view of the boundedness of -| (due to Assumptions [1] and [2]), we have that h £ 
L 2 (Rt, d7(t) dt). By Theorem 11.31 this implies that R t , R xx and the L 1 (My) density 
R x are elements of L 3 ^ 2 (Kt) and moreover, the functions R x and are elements 
of L 2 (M.t, R x dm). Thus, the identity 

(3.4) h = 

holds in L 2 (M T , R x dm). Finally, putting (E3D, O and (ED) together, we end up 
with 



1 



4 



R t - (A(R)R X ) X + b{R)R x 



(3.5) 7( 7 ) > 7( 7 ) = - 1 v \/ m ;„ V ' „ . =^(T) 



A{R)ym x 



2 



L 2 (R T ,Rx dm) 



as stated. □ 

4. Proof of Proposition [2]2] (a) and (b) 

Fixing R = F 7 for 7 £ ^4 with 7(7) < 00, we prove Proposition 12.21 (A) in a 
series of four lemmas, starting with a-priori local L 2 estimate on R x . Combining it 
in Lemma 14.21 with the moment condition ( 11. 13ft we deduce a global L 3 / 2 estimate 
on R x , which we improve in 14.31 to L p estimates on R x for all § < p < 3. Finally, 
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we prove in Lemma 14.41 uniform boundedness of the corresponding norms, resulting 
with R x G L 3 (R T ). 

Lemma 4.1. If 7 G A is such that 1(7) < 00 , then: 

(a) The measure d^y(t) dt on M.t has a density with respect to the Lebesgue measure 
on R^, whose L 2 norm restricted to any strip S n = [0, T] x [n,n+ 1] is bounded 
by a constant C(T, 1(7)) < oo ; which does not depend on the value of n G Z. In 
particular, this density is locally square integrable, so that the weak derivative R x 
exists as a function in L 2 oc (Rt)- 

(b) The function a := A(R) is uniformly continuous on R-r- 

Proof. To prove part (a) of the lemma, it suffices to show that there is a constant 
C(T, I(j)) < 00 such that the inequality 



(4-1) / ^,x)d 7 (t)dt<C(T,/(7))|H| L2(5n) , 



holds for all n G Z and all non-negative continuos functions ip : Rt —> R supported 
on the strip S n . To this end, we use the Cauchy-Schwarz inequality and the definition 
of / to conclude 



/ 



g(T, ■) d 7 (T) - / g(0, ■) d 7 (0) + / (g t + b(R)g x + ag xx ) d 7 (i) d* 

(4-2) N x 

(g x ) 2 a(t,x) d 7 (t) dt 



<2/(7) 1/2 f/ 



for all g G S. 



Fixing first a strip S = [0, T] x [—1/2, 1/2], we shall use [251 Theorem 2], which in 
case d — 1 provides space-time smoothing kernels k £ (t,x) = e~ 2 £(t/e)£(x/e), e > 0, 
for some infinitely differentiable, probability density function £(■) of compact support, 
such that for ip as above, there exists a bounded measurable function z : R^ — > R, 
which is non-positive almost everywhere, convex in x on [0, T] x [—1,1] and zero 
outside of [0, T] x [—1, 1], increasing in t and for any e > small enough, the functions 
ip e = ip * k e and z e = z * k e satisfy on S the following inequalities: 

(4-3) Vc>0: c l / 2 ^<C(zt + cz xx ), 

(4-4) l\4\<-z^<CU\\ 2 , 

with C > a universal constant independent of ^ and e. In the preceeding the 
compact support of z is specified in the proof of [251 Theorem 2] after display (29). 



Next, we use first ( 14.31) with c = infig T a, then the non-negativity of z\ — zt * k e 
and z xx = z xx * k e , followed by the bound (14. 2p for z e and Jensen's inequality, and 
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finally applying (I4.4p . we arrive at the bound: 

c 1/2 / i) e d 7 (t) dt < C I {z\ + a z e xx ) dj{t) dt 
Js Js 

< C I (^ + a4Jd 7 (t)dt 

< (2I( 1 )^+\\b\\ 00 T^c^)( [ (^adT^dtV'- / 

\jr t J Jr 

< C U\\ 2 [2 (2 7(7)^ + WbUT^c-^) \\a\\^ T 1 / 2 + l] . 



1/2 

' * e (T,-)d 7 (T) 



Taking the limit e 4- 0, we end up with (14.11) with S n replaced by 5* and some constant 
C(T, J( 7 )), which depends only on T, 7( 7 ), the functions a, b and the dimension of 
the problem. 

To complete the proof, we can consider the same problem with p replaced by 
Po(" + n + 1/2) and I replaced by the corresponding rate function I n . Then, for 
the path of measures 7n (^)( - ) = t(*)( - +n + 1/2), t G [0, T] it holds I„( 7n ) = 7( 7 ). 
Further, to any continuous non-negative ip : My — > K supported on S n corresponds 
■0n(") ') = V'(') ' + n + 1/2) supported on S, such that by the preceeding proof: 



^(t,x)d 7 (t)dt= / ^(t,x) d 7n (i)dt<C(T,7( 7 ))||^|| 2 = C(r,7( 7 ))||^|| 2 . 
Js 

This finishes the proof of part (a) of the lemma. 



Since the function A is assumed to be Lipschitz, it suffices to show that R is 
uniformly continuous on M.t- However, we know that the assumption of finite rate of 
7 implies that the function R is continuous, thus, uniformly continuous on compact 
sets. In addition, the continuity of t \-> 7 (£) with respect to the weak topology shows 
that the set { 7 (i)}*e[o,T] is compact and by Prokhorov's Theorem uniformly tight. 
Hence, for every e > 0, there is an M > such that 

(4.5) sup max(R(t, — x), 1 — R(t, x)) < e. 

te[0,T],x>M 

The latter two observations show that R is uniformly continuous on My. □ 

We will now establish Proposition 12.21 (A) in a series of three lemmas. 

Lemma 4.2. Let 7 G A be such that 7( 7 ) < oo ; and set R = F 7 (.)(-) as before. Then, 
R x exists as a function in L 3 ^ 2 (Kt)- 

Proof. We start by fixing an n G Z and applying the Cauchy-Schwarz inequality 
with respect to the Lebesgue measure on S n to obtain 

(4.6) / Rl /2 R x dm<([ R x dm) 1/2 ( j 7? 2 dm) V2 . 

J Sn J Sn. ^ Sn 
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Since our goal is to prove that the left side is summable over all n E Z and we know 
from the Lemma 14.11 that the second factor on the right side is bounded above by a 
uniform constant, it remains to show that 



(4.7) W / R x dm 



s n 



1/2 



< OO. 



1 /2 

We will only prove that ^ ngZ _ ( f s R x dm) < oo, since the sum over all n E Z + 
can be dealt with in the same way. To this end, we apply the Cauchy-Schwarz 
inequality to conclude 



( / R x dmy /2 \n\ 1+v \n\- 1 - r > < C x ( / Rxdrnj\n\ 
< d I R x dm + C 2 (j2 f R x (t,y)\y\ 1+r 'dm(t,y) 



n<-2 ' 

= C 1 / R x dm + C 2 [ R x {t,y)\y\ l ^dm{t,y)<^ 

JS-i ^[0,T]x(-oo,-l] 

for some uniform constants C\, C 2 > and with 77 of Assumption [TJ The lemma now 
readily follows. □ 



Lemma 4.3. Let 7 £ A be such that 1(7) < 00 and write R = F 1 t.\(-). Then, R x 

< n S "X 

2 



exists as a function in L p (Mt) for all | < p < 3. 



Proof. We fix a | < p < 3 and define |<q , <3byi + - = l. Now, we pick an 
f E S taking only nonnegative values and consider the backward Cauchy problem 

(4.8) ut + a(t, x) u xx + f(t, x) u = 0, u(T, •) = 1 

with a = as before. Noting that / E L q (R T ) n L 2 (IR T ) and that the norm 

bounds of [26| Theorem 4.1] can be refined to an estimate on the norms in L 9 (IRr) D 
L 2 (R T ) Pi L 3 (M T ), we apply the method of continuity (see e.g. [291 section III. 2]) to 
conclude that this problem has a weak solution, for which v := u — 1 is an element 
of W^iRr) n W 2 1,2 (Rr) H ^ 3 1,2 (]R T ). Next, we let P be the law of a diffusion with 
generator a(t,x) ^ and apply Ito's formula in the form of the last identity in [2 
chapter 10, Theorem 1] to obtain the stochastic representation 

(4.9) u(t,x)=E p ex p(^" f(s,x(s))dsj x{t) = x 

where x(-) is the canonical process. It follows immediately that u > 1, and by 
Portenko's Lemma (see [3U inequality (6)] and note that it only relies on the standard 
heat kernel estimate for the diffusion with law P), there is a non-decreasing function 
G q : (0, 00) — > (0, 00) depending only on | < q < 3 (but not on /) such that 



(4.10) \u(t,x)\<G q (\\f\\ Lq{RT) ), (t,x)E 
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Next, we observe that the function v := logu is a generalized solution of the problem 

(4.11) v t + a{t,x)v xx + a{t,x)v 2 x + f(t,x) = 0, v(T,-)=0 
and inherits the bound 

(4.12) \v(t,x)\ < G q (\\f\\ LmT) ) : (t 7 x) G R T , 

where we have increased G q if necessary. We claim the following chain of estimates: 
(7(T), v(T, •)) - (7(0)^(0, •)) = / (v t + a v xx + v x h a) R x dm 

JRt 

(—a v 2 + v x ha — f) R x dm 



< 



I I (]h 2 a- f)R x dm. 
Jo Jr V4 ' 



Here, the first identity is a consequence of the definition of h (see f)3.2p and (13.31) ) and 
the fact that v is bounded, v t , v xx G L 3 (M T ), v x e L 6 (M r ) (by the parabolic Sobolev 
inequality in the form of [28| chapter II, Lemma 3.3]), which allows to approximate v 
in the corresponding norm by functions in S; the second identity follows from (14.1 lft ; 
and the inequality can be obtained by optimizing the expression {—av^ + v x ha) 
pointwise. Rearranging the terms and using (13. ip . we have 



(4.13) / fR x dm< sup \v{t,x)\ + {C l I{ 1 ) + C 2 ), 
Jm. t (t,x)eK T 

where the constants C\, C% < 00 depend only on the supremum and the infimum of 
A, the supremum of |6| and on T. Putting this together with (14.121) . we end up with 
R x G L p (R T ) as desired. □ 

Lemma 4.4. Let 7 G A be such that 1(7) < 00 and write R = F 7 (.)(-). Then, R x 
exists as a function in L 3 (Rr). 

Proof. Step 1. In addition to the Cauchy problem 

(4.14) Rt - (A(R)R X ) X = hA(R)R x , R(0, •) = F po 

for R, we consider the solutions to the following two auxilliary Cauchy problems: 

(4.15) V t -V xx = hA(R)R x , V(0,-) = 0, 

(4.16) Z t -Z xx = 0, Z(0,-) = F po , 

obtained by convolving in space with the heat kernel p(t, x) = (47rt)~ 1//2 exp(— x 2 /At). 
Namely, 

V(t,x)= [ [{hA{R)R x ){s,y)p(t-s,x-y)dyds, 
Jo Jr 

Z{t,x)= / F po (y)p(t,x-y)dy. 
Jr 
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A direct computation shows that U = R — V — Z then solves the Cauchy problem 

(4.17) U t - (A(R)U X ) X = [(A(R) - 1)V X + (A(R) - l)Z x ] x , U(0, •) = 0. 

Our general strategy is to obtain integrability estimates on V x , Z x and U x , and then 
to deduce the integrability estimate on R x from those. 

To start with, we apply Holder's inequality in the form of 

(• / r \ q/2 / f \ (q-l)/(v-X) 

(4.18) / \h\ q f q dm<( \h\ 2 fdm) ( f p dm J 

with a | < p < 3 and q := ^ G [6/5,3/2) to deduce h A{R)R X G L q (R T ). Thus, 
by the regularity theory for the heat equation (see inequalities (3.1) and (3.2) in [28| 
chapter IV], or [261 Theorem 2.1]), we have 

(4-19) ll^llv^ 2 (R T ) < C 1 \\hA(R)R x \\ Lq{RT) 

where C\ < oo is a uniform constant (which in particular does not depend on q as long 
as q belongs to a compact interval). We conclude V G W*' 2 (Rt) and, thus, V, V x G 
L p ' (Rt) with p' = (- — |) 1 = due to the parabolic Sobolev inequality in the 
form of [28l chapter II, Lemma 3.3], in which the constants can be chosen uniformly 
for all p in any given compact set and the corresponding q = Moreover, since 
9 G L X (1R) n L 3 (R) by Assumption El the norms ||0||lp(m), 1 < p < 3 can be bounded 
above by a uniform constant. In addition, we note that Z x is given by the convolution 
of 9 with the standard heat kernel. Putting these two observations together with 
Young's inequality and Fubini's Theorem, we conclude that Z x G L p (IRr) for all 
1 < p < 3 and that the norms ||^||z,p(k t )) 1 < P < 3 can be bounded above by a 
uniform constant. 



Step 2. We observe next that, refining the norm estimates in J2H1 Theorem 6.2] to 
estimates in L p (Rt) H L p ' (Rt) with p' = and applying the method of continuity 
(see e.g. [291 section III.2]), we may deduce the existence of a solution U of the 
problem (I4.17P in the space % P (T) H % p i(T) defined in [26]. In particular, U G 
L p '(R T ), U x G L p '(R T ) and 

(4.20) II^IIlp'(r t ) + II^4||lp'(]r t ) < C2 (II Ke|Ilp'(k t ) + II^IIlp'(r t )) 

with p' = and where the constant C2 < 00 can be chosen uniformly for all 
2 < p' < 3. We claim now that U = U Lebesgue almost everywhere. 

Assuming this claim, we conclude that U x G L p '(Rt)- Consequently, we also have 
Rx — U x + V x + Z x G L p '(IRr). Moreover, combining the norm bounds with Holder's 
inequality (I4.18p . we get the estimate 

p(g-i) 

(4-2i) II^iIIlp'(r t ) < C3 II^II1p p (r t ) + C4 
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with some constants C3, C4 < 00 independent of | < p < 3. Therefore, by Jensen's 
inequality with respect to the measure R x dm on R^, it holds 

p'(p-i) p(g-i) 

99^ II F? || (p'-^p <- II p II "itp- 1 ) 1 /n< 

||-fLx|| iP ( MT ) ^ <-^5 1 1 -fix 1 1 x,p( Kt ) T <^6 

with some constants C§, < 00 independent of | < p < 3. Finally, we note 
that in the limit p | 3 the exponent on the left side of (I4.22p tends to 1, whereas 
the exponent on the right side of (14.221) tends to |. This shows that the norms 
||-Rz||lp(r t ), § < V < 3 can be bounded by a constant independent of p, and we end 
up with R x G L 3 (Mt') as desired. 

Step 3. It remains to show that U = U Lebesgue almost everywhere. To this end, 
we prove first that U G L p (Rj-) and U x G L p (Rt)- Since we already know that 
V G L p (Rt), for the first inclusion it suffices to show that R — Z G L p (Rt)- To this 
end, we set R£ = [0, T] x R+, M r = [0,T] x R_ and make the decomposition 

(4.23) / \R-Z\ p dm=[ |(1 - R) - (1 - Z)\ p dm + [ \R-Z\ p dm. 



T T 



Using the elementary inequality 

(4.24) |xi -x 2 | p < 2 p ~ 1 (|xi| p + |x 2 | p ), x u x 2 eR,p>l 

with our p, we can bound the latter expression by a constant multiple of 

(1-R) p dm + I (l-Z) p dm+[ R p dm + [ Z p dm. 



T T T 

Since < R < 1 and < Z < 1, we may remove the power p to obtain an upper 
bound on the latter expression. The resulting quantity is then finite if and only if 
the quantity 

R x \x\dm + / Z x \x\dm 



is finite, and in this case the two quantities are equal. However, the first summand 
in the latter expression is finite due to 7 G A, and the second summand is at most 
2yj2 _|_ j, j ^ Q ^ e re p resen ^ a ^i on Q f 2i x as the collection of densities 

of a suitable Brownian motion. All in all, we end up with the inclusion U G L p (Rt). 
Next, we note that U x G L P (R T ) follows from U x = R x - V x - Z x , R x G L P (R T ), 
V x G L P (R T ) (due to 14 G L p ' (R T ) n L 9 (R T )) and Z x G L P (R T ) (see step 2). Here, 
we have set p' = 4t~ an d Q — ^rr as before. 

r 3+p ^ p+1 

Next, we pick a test function g G S and define the function / : R^ — > R by 

/■oo 

(4.25) /(* , x) = - / y) dy, (t, x) G Rt- 
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We claim that, for Lebesgue almost every < t\ < t 2 < T 
(4.26) 



t 2 

f(t 2 ,x)U(t 2 ,x)dx- I f(t 1 ,x)U(t 1 ,x)dx- I I U f t dm 



f 2 [ A(R) f x U x - [(A(R) - 1){V X + Z x )] x f dm. 
Jt x Jr 



Indeed, one may deduce this from the weak formulation of the PDE in (I4.17P via 
an approximation of / by functions in S using the boundedness of / and f t , f x G S 
and U G L^Et) (the latter can be shown in the same way as U G L p {Rt)). Now, 
integrating by parts in space on the left side of (I4.26p . we conclude that the function 
W(t, x) = J* U (t, y) dy is a generalized solution of the Cauchy problem 

(4.27) W t = A(R)W XX + (A(R) - 1)(V X + Z x ), W(0, •) = 

on R T . This, W xx = U x G L P (R T ), V x G L P (M T ) and Z x G L P (M T ) imply W t G 
L P (R T ). Thus, in view of [261 norm estimate (6.1)], we have U G H P (M. T ), so that 
U = U Lebesgue almost everywhere by [26| Theorem 2.4]. □ 

We now turn to the proof of Proposition 12.21 (B). 

Proof of Proposition 12.21 (B). We will only show that R t , R xx G L 3/2 (R T ), since 
the other integrability estimates can be obtained in an analogous manner. We claim 
first that U t , U xx G L 3 / 2 (M T ). Indeed, we can rewrite the PDE for U as 

(4.28) U t - A(R)U XX = A'(R)R X U X + [(A(R) - 1)V X + (A(R) - l)Z x ] x . 

Moreover, since R x G L 3 (R T ), U x G L 3 (R T ), V x G L 3 {R T ), Z x G L 3 {R T ), V xx G 
L 3 / 2 (R T ), Z xx G L 3/2 (M T ) and the functions A and A' are bounded, the right side in 
flOBD belongs to L 3 / 2 (R T ). Thus, we may apply [261 Theorem 2.1] to deduce that 
there is a function U G W 3 'Z(M.t), which satisfies 

(4.29) U t - A(R)U XX = A'(R)R X U x + [(A(R) - 1)V X + (A(R) - l)Z x ] x 

and U(0, .) = 0. Now, we let fa, k G N be a truncation sequence such that fa G 
C°°(R), < fa < 1, fa = 1 on [-k, k], <p k = on (-00, -k - 1] U [k + 1, 00) and 
maxfl^l, < 2. Next, we fix a k G N and set A = fa(U - U). Then, A is a 
generalized solution of the problem 

(4.30) A t - (A(R)A X ) X + A'(R)R X A X = 4> k , A(0, .) = 0, 
where 

(4.31) *p k = -A(R)<j/{.(U -U)- 2A(R)fa(U - U) x . 

Now, a careful reading of the proof of [2"8"1 chapter III, Theorem 3.3] shows that the 
solution of the problem f )4.30p in the space W^^Rt) is unique and satisfies 



(4.32) ||A|| o, 1(Rt) <C 9 / / Vfc dx) dt 



~ 2ri 



rijr\ \ 1/(27-2) 
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for all r\ G [1, oo], r 2 G [1, 2] with + — = 1, provided that 

(4.33) I ( ! (A'(R)R x ) 2ri dxY 2/ri dt < oo. 

Jo ^ Jr ' 

We choose r\ = r 2 = §, so that the latter condition is satisfied. In addition, with 
this choice, we have 

(4.34) f ( f ?p k 2ri dxY 2/ri dt -+0, A;^oo 



due to U, U x G L 3 (R T ) (see steps 2 and 3), U, U x G L 3 (M T ) (by U G WjaQ&r) 
and the parabolic Sobolev inequality in the form of fZE\ chapter II, Lemma 3.3]) and 
the same argument as in step 2. Thus, by (14.321) . the norm || AH^o.i^^ tends to 

in the limit k — > oo and we can conclude U — U as desired. Finally, this, the 
representation R xx = U xx + V xx + Z xx and V xx , Z xx G L 3 ^ 2 (Rt) imply together that 
Rxx e L 3 / 2 (R T ). Moreover, due to h G L 2 (R T , R x dt dx), R x G L 2 (R T , R x dt dx) 
and Holder's inequality, it holds hA(R)R x G L 3//2 (Mt), so that we also have i?t = 
A'(R)R 2 X + A(R)R XX + /i A(R)R X G L 3 / 2 (M T ). This finishes the proof. □ 

5. Proof of Proposition [221 (c) 

The proof of Proposition 12.21 (C) is broken down into several steps: first, we 
show that the variational formula in the definition of / (recall that 1(7) < 1(7), if 
1(7) < 00) can be rewritten as the one corresponding to a suitable one-dimensional 
reversible diffusion; then, we prove the existence of a sufficiently regular solution to 
the corresponding backward Cauchy problem, which enables us to employ Dirichlet 
form calculus to control the quantities of interest. 

Proof of Proposition 12.21 (C). Step 1. We recall from the outline that 1(7) < 00 
implies 1(7) < 1(7) < 00, so that 

(5.1) sup \(j(T), v(T, •)) - (7(0), v(0, •)) - [ T ^(t),n]v + a (v x ) 2 ) dt 







< 00. 



Moreover, by Proposition 12.21 (A), we have R x G L 3 (IRt)- Thus, by multiple applica- 
tions of Holder's inequality, we deduce that the functional in the supremum in (15. ip 
is continuous with respect to the norm 

(5.2) Halloo + |K|L3/2 (]Rt ) + ||Wx'||l3/2( Mt ) + ||^.||L3(R T ) + ||'^||l3/2( Rt ). 

Therefore, may replace the supremum above by a supremum over functions v G 
C b (R T ) such that v t , v xx G L 3/2 (Mt) and v x G L 3/2 {R T ) H L 3 (R T ). We denote the 
space of such functions by W^'^Rt)- 

Now, let i\) be a function in C°°(M) with lim^i^oo = 1, H^'Hoo < 00 and 
such that «o := e~^^ dx is a probability measure. We introduce next the parabolic 
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operator 

(5.3) TV^ = £ + e ^^-a(t,x)e-^^- = TV t + (a, - atf ~ b(R))^- 

at ox ox ox 

with a = A(R) as before, and claim that the finiteness of the supremum in (15.11) over 

v G M/g^M-p) implies that 

(5.4) 



sup 



( 7 (T),^(T,-))-log / e^dao- / TZ^v + a (v x ) 2 ) dt 



< oo. 



Indeed, the change from 1ZJ to TZj'^ does not make the supremum infinite, since by 
the Cauchy-Schwarz inequality we have the bound 



:= / (b(R) - a x + aip')v x R x dm < C^i/ft, 



with 



C 



2 • = 



T^ 2 + P'|| 00 || J R :[ .|| 3 L / 3 2 + ||a^|UT 1/2 )/(infa) and 



ft: = / (y(t),avl)dt, 
Jo 

(note that the function a is bounded away from 0), we can scale the test function v 
in the two suprema by arbitrary constants A > and A > 0, and the implication 

V A > : Aft < Ci + A 2 ft, ft < C 2 ^J 2 
VA>0: Aft + Aft < 2CA + + A 2 ft 

holds for all ft G E, ft > 0, ft G E, Ci > and C 2 > 0. Therefore, choosing 



ft = ( 7 (T),t;(r,.))- (7(0)^(0,-)) 



(j(t),n]v) dt, 



Ci = 1(7) and A = -| in the latter implication, one justifies the change from JV t to 
TZJ^ . Moreover, the relative entropy 



(5.5) H(p \a Q ) = / log^-dpo 

Jr da 



^g-^pdp < I \ip\dp + / log^dpo 



is finite due to J R dpo < 00 and 9 G L 3 (R) (see Assumption [2]). Therefore, the 
change in the term corresponding to the initial condition can be justified by 



v(0,x)p (dx) - log / e^ '^ da < H(p \a ) < 00. 



sup 

Here, the first inequality follows from [TUJ, Lemma 6.2.13]. 
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Next, for each function v G W 3 ', 2 (M.t), we introduce the function u = e v , let 



£W 3 %(Mt) be the space of such functions and rewrite the supremum in (15.41) as 

(5.6) sup ( 7 (T),logM(r,.))-log / u(0,x)da - / ( 7 (*), — ) dt 

ueew*f 2 (R T ) 1 •/» Jo u / . 



Step 2. We claim next that, for every function f £ S, there exists a function 



u G £Wg£(R T ) such that 



(5.7) n^u-fu = 0, u(T,.) = l. 

Here, we can understand the PDE (15 .7p as an equation in L 3 ^ 2 (Kt) (since by the par- 
abolic Sobolev inequality u x G L 3 (Rt) for all u G £W 3 ) 2 (M.t), so that (a x — aip')u x G 
L 3 / 2 (IRt) by the Cauchy-Schwarz inequality, the boundedness of the function A' and 
Proposition 12.21 (A)). To prove the claim, it clearly suffices to show that there exists 
a function w solving 

(5.8) K^w-fw = f, w(T,-) = 

such that w + 1 is an element of £W s '%(R.t)- To this end, we first rewrite the latter 
PDE as 

(5.9) w t + {aw x ) x - -0' aw x - f w = f, w(T,-) = 0, 

and employ [261 Theorem 6.2] together with the method of continuity to find a 
generalized solution w of ( 15. 9 p in the space W^(R T ) n W^' (Rt)- Indeed, the norm 
bound in f2E\ inequality (6.3)] extends to a norm bound for functions in 'H\r\'H\ with 
respect to the norms || • || H -i + 1| ■ || H -i and || • ||ni+ || • ||hi defined in [26] (one only needs 
to add the norm bounds [261 inequality (6.3)] for p = 6 and p — 2). Applying the 
method of continuity (see [291 section III. 2]) relying on such a refined norm estimate 
to interpolate between the PDE (I5.9P and the corresponding PDE with a smooth 
coefficient a, we find a solution of (15. 9p in 1-L\ n T-L\, which in particular belongs to 
Wq' (M T )nH/ 2 u ' (M r ). Moreover, refining the norm bounds in [261 Theorem 4.1] to an 
estimate on the norms in L 2 (Rt) H L 3 / 2 (My) and applying the method of continuity 
in a similar fashion, we can find a generalized solution w G W 2 ,2 (JRLt) H W 3 ', 2 (M.t) of 
the equation 

(5.10) w t + aw xx -atp'w x - fw = -a x w x + f, w(T,-) = 0, 

since Holder's inequality and a x G L 3 (R T )nL 2 (R T ) (due to Proposition ^. 21 (A) and its 
proof, as well as the boundedness of the function A') imply a x w x G L 2 (MT)nL 3 / 2 (IR r ). 
To show that w — w, we let fa, k G N be a truncation sequence as in the proof of 
Proposition O(B), fix a k G N and set A := <f) k (w - w). Then, A G W 2 !l (R T ) is a 
generalized solution of 

(5.11) A t + (aA !B ) iB -^aA !e -/A = Vfc > A(T, •) = 0, 
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where 

(5.12) ipk = (p'l a(w — w) + 2 cf)' k a{w — w) x — (p' k ip' a{w — w). 

Recalling the notation S n = [0, T] x [n, n+1], n G Z, we deduce from max(|0' fc |, \<fi k \) < 
2 • ls fc uS_ fc _ 1 , the boundedness of a and (w — w), (w — w) x G L 2 {Rt) that 

(5.13) lim ||^fc||LarR T ) = 0. 

fc— »oo 

Hence, writing A = <pkW — (pkW, following the paragraph after the statement of 
chapter III, Theorem 3.3] and applying the energy inequality of [2E1 chapter 
III, Theorem 2.1], we conclude that ||A|| L 2( Rt ) — > as k — >■ oo. Therefore, w = w 
Lebesgue almost everywhere. All in all, we have found a solution u to (15.71) such that 
u — 1 is an element of WI' 2 {^t) H ^^(Rt)- We also note at this point that the 
parabolic Sobolev inequality in the form of chapter II, Lemma 3.3] with p = 6, 
q = 2 applied to w gives u x = w x = w x G L 6 (Rt). 

It remains to show that u G Cbi^T) and that u is bounded away from on My. To 
this end, we first apply [2SJ chapter III, Theorem 5.2] to find a generalized solution 
w of (15.91) in the subspace of W^' 1 (Mrp) , whose elements satisfy 

(5.14) ess sup tg [ T ] / w(t,x) 2 dx+ / dm < oo. 

it Jr t 

Next, we apply [U Theorem 10 (vi)] with the constant 7 > there being arbitrarily 
small to conclude that u := w + 1 has to be the unique generalized solution of (15. 9p 
in the sense of [T] and is given by 

(5.15) u(t,x)= [ T(t,x;T,y)dy 

with T being the weak fundamental solution of the equation (15 .7\i defined as in [H 
section 6]. Now, [H Theorem C] implies that u is locally Holder continuous in (t, x), 
hence, also continuous in (t, x) on [0, T) x M. Putting this together with [H Theorem 
10 (vi)], we conclude that u is continuous on the whole of ~R T . Finally, we use the 
heat kernel estimates on T of [lj Theorem 7] to conclude that u has to be bounded 
between two positive constants. Therefore, all we need to show now is that u = u, 
or equivalently w — w. To this end, we let <f) k , k G N be a truncation sequence as 
above, fix a k G N and set A := 4>k{w — w). Then, A G W^i^r) is a generalized 
solution of 

(5.16) A t + (aA x ) x -4>'aA x - f K = i> k , A(T, ■) = 0, 
where 

(5.17) = <\>' k a(w — w) + 2 4>' k a(w — w) x + <p' k a x (w — w) — <p' k ij)' a(w — w). 
In addition, from w,w G W^^r) we deduce 

(5.18) lim \\w - w \\ L 2 {Sn) = lim \\w x - w x \\ L 2 {Sn) = 0. 
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Putting this together with max(|0' fc |, \<fi'l\) < 2 ■ l5 A .us_ fc _ 1) the uniform boundedness 
of the norms \\w — w\\ L 6( Sn ), n G Z, the inclusion a x G L 3 (R T ) (see Proposition 12.21 
(A)) and Holder's inequality, we can conclude 

(5.19) lim ||^|U 2(Rt) = 0. 

fc— >oo 

Hence, writing A = <pkW — 4>kW, following the paragraph after the statement of 
[28| chapter III, Theorem 3.3] and applying the energy inequality of [281 chapter III, 
Theorem 2.1], we deduce that ||A|| i 2 ( - RT ) — )• as k — > oo. Hence, w = w Lebesgue 
almost everywhere, as desired. 



Step 3. In the previous steps we have shown that 



(5.20) 



sup 

/65 



log / u(0,x)da - / (7(*),/)dt 



< oo, 



where u is the function in £W 3 ', 2 (Mt) corresponding to / via f l5.Tj) . We next take 
/ — 9x + C g 2 with g G S and will bound the corresponding term L u(0, x) d«o from 
above. Approximating the solution u of the PDE (15. 7p by functions in S converging 



to u in W 3 ) 2 , we deduce that, for all < ti < t 2 < T: 



\u(t 2 , " 



-2 



VllL 2 (a ) 



\u(ti, 



')\\L 2 (a ) 



t-2 



tl 



Ut u d«o dt 



(A t u- fu)uda dt>-2 I A(t)||u(t,-)||£ 2(ao) dt, 



t-2 



where 



X(t) 



sup 



sup 



lL2( Qo) - 



/ (At h - f hi) hi dao 

=i Jm 



hi6C«> (R):fei>0,||fei|| i2(c[o) =l 



sup 



- / a(hi) x da - / / h x da Q 
Jm 

— - — a d«o — / / hi da 



lLl(c )- 



and we took hi = \fh~2. Moreover, using integration by parts followed by the Cauchy- 
Schwarz inequality, we conclude 



(5.21) 



g x h 2 da 



/ g(h' 2 - h 2 ^')da < y/viv 2 + \\'ip'\\ooy/v2, 
Jr 



where we have set Vi = J R da , v 2 = J R g 2 h 2 da . Hence, we end up with 



(5.22) A(t) < sup 

vi,V2>0 



l>2 

(inf RT a)vi 



+ V^+W\\ooV^-Cv 2 , te[0,T). 
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We now fix C > large enough, so that the right side of (15.221) is some C < oo. 
Next, we apply Gronwall's Lemma to the function t t— > \\u(t, OHia^) ^° conclude 
that ||m(0, Olliarao) — e2CT ■ Thus, we have just shown that 

(5.23) log / n(0,a;)dao < log ||u(0, •) || £2(ao) < CT. 

Putting this together with (I5.20p and integrating by parts in space, we end up with 

(5.24) oo > sup / (7(t), -g x - C g 2 ) dt = sup / (g R xx - C g 2 R x ) dm. 

Finally, we consider the Hilbert space EI given by the closure of S with respect to 
the norm ||g||g = J Rrr g 2 R x dm on S. We have shown that g i— > J RT gR xx dm is a 
bounded linear functional on S with respect to || • Hjj. Thus, it extends to a bounded 
linear functional on H and, by the Riesz Representation Theorem, can be repre- 
sented as g h-» (g, h)^ for a suitable h 6 H. Moreover, the identity J R g R xx dm = 
J Ut g hR x dm for all g E S shows that h can be chosen as ^jp with the convention 
jj = 0. Therefore, the supremum on the right side of (I5.24p can be written as 

1 f R 2 

(5.25) sup ((g,h) n - C(g,g) n ) = —(h,h)^= dm, 

and we conclude f R dm < oo, as desired. 

Step 4. We now turn to the proof of J Rt j*- dm < oo. As before, it suffices to show 

(5.26) sup / (gR t - C g 2 R x ) dm < oo. 

Moreover, the PDE R t = (A(R)R X ) X + h A(R) R x allows to rewrite the latter supre- 
mum as 

(5.27) sup / (A'(R)R 2 x + A{R)R xx + hA{R)R x )gdm- / C g 2 R x dm. 
ges Jr t J^.t 

Moreover, optimizing pointwise we see that the supremum cannot exceed C (h, /i)g, 
where 

(5 2g) h = A'(R)Rl + A(R)R xx + hA(R)R x g fi 

with our usual convention § = 0. In particular, the supremum of interest is finite. □ 

Remark 5.1. A crucial step in the proof of Proposition 12.21 (C) consists of showing 
that the solution of (15. 7p in W 2 ' 2 (^t) I~iC(Rt) is bounded and bounded away from 0. 
Instead of relying on the results of pQ, this can be also seen from [271 Corollary 4.6]. 
Indeed, for each ti£N, let u n be the solution of the PDE in (15. 7p on [0, T] x [— n, n], 
which belong to W^QOj T] x [— n, n]) nC([0, T] x [— n, n]) and satisfies the boundary 
conditions «„(•, ±n) = 1, u n (T,-) = 1. Such solutions can be constructed as in step 
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2 in the proof of Proposition 12.21 (C) by first employing the results of [T] to find a 
solution in C([0,T] x [— n, n\), then by using the results in [2B] to find a solution in 
ty 2 1,2 ([0, T] x [— n, n]) and finally by appealling to [28j chapter III, Theorem 3.3] to 
conclude that the two solutions are the same. At this point, applying [27J Corollary 
4.6] to the functions v n := e - '^" 00 ^ - ^ — u n , n G N and w n := u n — e^H 00 ^ - *), n eN 
satisfying 

(5.29) (v n ) t + (a(v n ) x ) x -t/j'a (v n ) x + f v n = -(||/|U + /) e^ 11 ^^, 

(5.30) K)t + (a(w n ) x ) x -tjj'a (w n ) x - f w n = -(||/|U - /) e m ^ T - t] 
almost everywhere, one obtains the inequalities 

(5.31) e -Wf\\oo(T-t) < Un (t,x) < e m ^ T - t] fora.e. (t,x) G [0,T] x [-n,n]. 

We note here that one may assume that the sign of / is as needed to apply [27J 
Corollary 4.6], since otherwise we can replace v n and w n by e Cl( - T ~^v n and e C2 ^ T ~^w n , 
respectively, with suitable constants c 1; c 2 G R. Moreover, the energy inequality 
[28| chapter III, Theorem 2.1] implies that the W®' 1 ^?) norms of the functions 
u n — 1, n G N are uniformly bounded. Therefore, by the Banach-Alaoglu Theorem 
there exists a subsequence of the sequence u n — 1, n G N, which converges in weak- 
W 2 ' (R T ) sense to a limit it — 1 G W\ j (Mr). It follows that u is a generalized solution 
of (15. 7p on with boundary condition u(T, •) = 1, which satisfies the inequalitites 

(5.32) e -\\f\MT-t) < < e ll/lloo(r-t) for ae G [ ,T] x R. 

Finally, by [281 chapter III, Theorem 3.3] and the same truncation argument as in 
step 2 of the proof of Proposition 12.21 (C), it must coincide with the solution of (15. TP 
in ty 2 ' 2 ([0,T] x [-n, n]) nC([0,T] x [-n,n]) found there. 

6. Proof of Proposition [231 

Throughout this section, we consider paths 7 G C([0, T], Mi(R)) with 7(7) < 00 
and, with a small abuse of notation, write J(R) for 1/(7). Before proving Proposition 
12.31 we w ih show the following preliminary result. 

Proposition 6.1. Let 7 G C([0, T], Mi(R)) 6e sttc/i f/iai 7(7) < 00. T/ien i/iere 
exists a family of functions 7% e G (0,1) m C 1,1 (1Rt) such that 7 e (0, •) = and 
7 e (-,x)dx G C([0,T],Mi(R)) /or a// e G (0,1), 7 e (-,x)da; -»■ 7 m C([0, T], Mi(R)) 
as e 10, and 

(6.1) lim J( 7 e ) = J( 7 ). 

The proof of Proposition 16.11 is based on the following lemma. It shows the con- 
vexity of the functionals, which comprise the rate function J. 

Lemma 6.2. The functionals 

(6.2) R 1 — y ( 5- dm, R \ — y ( 5= dm, R H- / ^ dm 
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on the set 

U :={r = F 7( .)(.) : 7 G C([0,T], M 1 (R)), R x G L 3 (R T ), R t , R xx G L 3 / 2 (R 7 

Rx Rx 

are all convex. 



D2 p2 - 



Proof. Arguing as at the end of step 3 in the proof of Proposition 12.21 (C), we 
conclude that on 1Z 

?2 



I ^- dm = sup / (2gR t - g 2 R x ) dm, 

JR T g& ~s J^t 

f & dm = sup / (2 # £ xa . - y 2 £J dm. 
Jm t -Rx ops Jr t 



<T 1L X g£S T 

In other words, each of the first two functionals is given by a supremum of linear 
functionals and is therefore convex. Moreover, the convexity of the third functional 
follows immediately from the convexity of the function x > x 3 on [0, 00). □ 

In the proof of Proposition 16 . 1 1 we will use the following notation. We fix functions 
k G C^°(R) and G C£°([0, 1]) taking only positive values on R and (0, 1), respec- 
tively, such that J R k(x)dx = Jj ^ <p(x) dx = 1. Then, for every e G (0,1), we first 
define the function 

(R(0,x), tE[0,e} 

(6.3) S'(t, x) = I *=*R(0, x) + ^J R R(0, x + y) 5~ l k(y/6) dy, t G (e, 2e] 

[ / R R(t - 2e, x + y) 5" 1 %/5) dy, i G (2e, T + e] 

for some 5 = 5(e) G (0, 1) to be determined later. Subsequently, we introduce the 
functions 

(6.4) R e (t,x) = [ S € (t + s,x)e~ l (j)(s/6)ds, e G (0, 1) 

Jo 

on Rt and let Y = R £ x , e G (0, 1). Then, the functions 7% e G (0, 1) belong to the 
space C 1,1 (Mt), by Fubini's Theorem 7 e (.,x)dx is an element of C([0, T], M\(R)), 
and 7 e (.,x)dx — > 7 in C([0, T], Mi(R)) as e goes to 0, provided that 5(e) — )■ in 
the same limit. Thus, to prove Proposition 16.11 it suffices to show ( 16. II) along a 
subsequence. 

Proof of Proposition 16. ll Step 1. We first claim that 

f (R e ) 2 f R 2 

(6.5) limsup / — - — dm < / — - dm, 



40 JR T R% JR T Rx 

(6.6) limsup / ^%^dm< / ^ dm, 

40 



-RS ./in™ -R 



(6.7) limsup / (R x ydm< / dm. 

40 
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Using the definitions of R e , S e and applying Lemma [6.21 twice, we obtain 



(R 



t\2 



dm < 



(Ro — R, 



e\2 



e— s,2e— s] xl 



e((2e-t)R> + (t-e)(Rti>) 



dm ds 



R 2 

— - dm. 

Rrr 



Here, we have defined R := R(0, •), R e := j R R(0,- + y) 5~ l k(y / 5) dy . Writing 
R — Rq as (1 — Rq) — (1 — R ) on (0, oo), we conclude from Assumption [2] that 
by choosing 5 = 5(e) G (0, 1) small enough, we can make the latter upper bound 
arbitrarily close to the right side of ( 16. 5p . so that ( 16. 5 p readily follows. By the same 
arguments we obtain 

r (K? 

'[0,e-s]xR 



{K * f dm < 



R% 



■V(«A) 



R'n 



dm ds 



+ 



[ (R x ?dm< [ 
Jr t Jo 



[e-s,2e-s]xl 

e- l <j>{s/e) 



+ 



2tSfl{,+ *=£(5§)' 
(R' ) 3 dmds 

t-e 



dm ds + 



p2 

dm, 



[0,e-s]x 

2e-t 



Rn 



(R e )') dmds+ / Ridm. 



[e-s,2e-s]xR x e e 

Again, we conclude from Assumption [2] that by choosing 5 = 5(e) G (0, 1) small 
enough, we can make the two upper bounds arbitrarily close to the right sides of 
( I6.6p . ( 16. 7p . respectively, so that ( 16. 6 p and ( 16. 7h must hold. 



Step 2. In this step we will show that as e 4- 0: 
(6.8) 

(6.9) 

(6.10) 



R\ 


R t 


{R%) 1/2 


(Rx) 1 ' 2 


^xx 


Rxx 


{r%y /2 


(Rx) 1 / 2 


{Rlf 2 


~(R x ) 3/2 \ 



dm — > 0, 



dm — > 0, 



To this end, we note first that the triangle inequality in the form 



(6.11) (Rl 



e\l/2 



(Rx 



,V2| 2 



< ((i?:.) 1/2 + (R*) 1/2 ) ■ \{Kf' 2 - (R*) 1/2 \ = \K - R*\ 

and the convergence R% — > R x in L 2 (Mt) as e j (since R x G L 2 (Mt) due to the 
proof of Proposition 12.21 (A)) imply 



(6.12) 



f |(i?:,) 1/2 - (R,) 1/2 \ 2 dm -+ 



as e I 0. Next, we introduce the notation c e = ^ , and conclude from (I6.5P and 
the Banach-Alaoglu Theorem that c e —> c* weakly in L 2 (Rt) along a subsequence 
for some c* G L 2 (W T ). Without loss of generality we may assume that the whole 
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sequence converges to c*. Combining the two latter observations with the triangle 
inequality, we conclude that for every ip £ C c (M>t)'- 

(6.13) f (R e x ) 1/2 c e i)dm^ I (R x ) 1/2 c* ij) dm, e | 0. 

Moreover, from Holder's inequality, (R x ) l l 2 £ L G (Kx) (due to Proposition 12.21 (A)) 
and c* £ L 2 (R T ) we deduce (i? x ) 1/2 c* £ L 3/2 (R T ). On the other hand, from 
(R e x ) l l 2 c e = R e t and R e t — > R t , e | (as a consequence of Proposition 12.21 (B)), 
we conclude that for every ip £ C c (Rt)'- 

(6.14) / (Rl) 1/2 c e 4jdm^ / R t ipdm, e 1 0. 
Jr t Jw. t 

Putting (I6.13P and (I6.14p together we conclude c* = an d, hence, ~^ 

7]^yj2 weakly in L 2 (Rt) as e J, 0. This together with (16. 5ft yields (I6.8p . Moreover, 
the same line of proof shows (16.91) . 

To show (16.1 Op . we start with the elementary inequality 

(6.15) \ x i^ 2 ~ x 2^\ — ^l x 2 — Xi\ max(xi, X2) 1 ^ 2 

for all Xi, X2 in [0, oo). Combining this and Holder's inequality we have 

/ \{R x f' 2 - {R x ) 3/2 \ 2 dm < 7 / \R X - Rx\ 2 max{R e x ,R x )dm 

9 / f , „ „ . \ 2 /3/ f „ _ . \V3 



\K - Rx\ 3 dmY /3 ( [ max(R e x , R x ) 3 dm 



The latter expression tends to in the limit e J, due to R € x — > R x , e 4- in L 3 (M.t) 
(as a consequence of Proposition 12.21 (A)) and (16. 7p . Thus, we have shown (I6.10p . 

Step 3. To deduce (EU) from (KE§ . flBT9|) . f lBTTOj) and (16~T2|) . we recall first that 
J(R) < oo implies that R is continuous in (t, x) by the definition of the space T in 
the introduction. Hence, R e — > R, e I uniformly on compact sets. In addition, 
since 7 £ C([0, T], Mi(R)), the set {7(£) : £ £ [0,T]} is compact, so by Prokhorov's 
Theorem the family 7(t), t £ [0, T] is uniformly tight. Thus, for every 5 > 0, there is 
a .fT £ R such that 
(6.16) 

Vt £ [0, T], x > AT : R{t, x) > 1 - S and Vt £ [0, T], x < —K : i2(t, x) < 5. 

The uniformity of the convergence R € — > R, e \, on compact sets, the monotonicity 
of the functions R e , e £ (0, 1) and R in x and ( I6.16P imply together that the functions 
R e , e £ (0, 1) converge to the function R uniformly on WLt as e | 0. This and the 
continuity of the functions a, A' and b on [0, 1] (see Assumptions CD, [2]) shows that 
the convergences 

(6.17) a(R e ) -> A'(_R e ) A'(R), b(R e ) b(R) 
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as e J, are uniform on Ry. Moreover, all functions involved in the latter three 
convergences are uniformly bounded on Ky. Putting this together with the uniform 
positivity of a, ( \6.8\i . ( \6.9\i . f)6.10p and ( I6.12p . we have the following convergences in 
L 2 (R T ) in the limit e | 0: 



(6.18) 
(6.19) 
(6.20) 
(6.21) 

Thus, as e I 0: 
J(W) = 



a{&) (R e x ) 1/2 a(R) (i^)V2 



a{R € 
A'(R e ] 

b(R 



R1 



a{R) 



Rn 



e\3/2 



*{R) fn ^3/2 



e\l/2 



a(R) 
b(R) 



a(R*) x XJ a(R) 
{A{W)R X ) X , b(R 



(R x ) 
(R x ) 1/2 . 



+ 



(in 1/2 



R t -(A(R)R X ) X , 6(i2) 



(-Rx 



L 2 



:V2 



-{R x >0} 



2 

L 2 (E T ) 



J(i2). 



□ 



a(R)(R x y/ 2 a(R) 
This finishes the proof of the proposition. 

We are now ready to give the proof of Proposition 12.31 

Proof of Proposition 12.31 Fix a 7 as in the statement of the proposition and the 
corresponding function R. In view of Proposition 16. 1[ we may assume that R = R*k e 
for some R with J{R) < 00 and some e £ (0, 1). Then, for each M > 0, there is a 
constant r M £ (0, 1) small enough, for which there exists a function R M £ C^' 2 (1Rt) 
such that R^ 1 > everywhere, 

R(t,x), xe[-M,M) 
1 - r M e~ x+M , x £ [M + 1, 00) 

x £ (-00, — M - 1] 



(6.22) 



i? M (t,x) := 



r M e x+M 



and 
(6.23) 



(6.24) 
(6.25) 



Rf(t,x) 2 



< 2 max 

< 2 max 



Rt(t,M) 2 R t (t,-Mf 



R x (t,M) ' R x (t,-M) 
R xx (t,M) 2 R xx (t,-M) 2 
R x (t,M) ' R x (t,-M) 



R x {t, xf < 2 max (R x (t, M) 3 , R x (t, -M) 3 ) 
on [0, T] x ([M, M + 1] U [-M - 1, — M]). Now, we define 



Rf - (A(i? M )i? 



a; /'a; 



(6 ' 26) " A{R M )Rf 

pointwise on WLt- It is clear that the paths 7 M (£) = R^f(t,x) dx, t £ [0,T] converge 
to 7 in C([0, T], M^IR)) and that, for each M > 0, the function i? M can be chosen 
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smooth enough to ensure that the restriction of h to [0, T] x [— M — 1,M + 1] is 
an element of C&(Rt) and Lipschitz. Indeed, note that each function R^ 1 is bounded 
away from on every compact set and the functions Rf 1 , R^f , R^f x can be chosen to 
be Lipschitz on [0, T] x [-M — 1, M + 1]. Finally, 

(6.27) h M = - M ! r M e~ x+M + 1 on [0, T] x [M + 1, oo), and 

(6.28) /iM = -^|^ rMeX+M - 1 on [0,T]x(-oo,-M-l], 
which shows that /i G C&(Rr) is globally Lipschitz for each M > 0. 

It remains to show (12.51) . To this end, defining h as in the proof of Proposition 12. 11 
we note that it suffices to prove 

(6.29) limsup / (h M - ^w,) 2 A(R M )R^ dm = 0, 

M-^oo J[0,T]x[M,oo) V A [ n )' 

(6.30) limsup / (h M - ^Q-\ 2 A{R M )R^ dm = 0, 

A/^oo J[0,T]x(-oo-M] V A [ n )' 

since 

(6.31) limsup f (h - ^^-) 2 A(R)R x dm = 

M-5>oo Jr t \[0,T\x[-M,M] A{R)J 

due to J(R) < oo. We will only prove the first claim, since the same proof applies 
to the second claim as well. By the Cauchy-Schwarz inequality and the tightness of 
the family R x (t,x) dx, t G [0, T], the former limit superior is bounded above by 

(6.32) C lim sup / + + (i# ) 3 dm 



A/-5.QO 7[0,T]x[A/,oo) 

for some constant C > depending only on the supremum of A' and the infimum of 
A. We now split the respective integrals into an integral over [0, T] x [M, M + 1] and 
an integral over [0, T] x [M + 1, oo) . The integrals over [0, T] x [M, M + 1] tend to at 
least for a subsequence of {M : M G N} due to J(i?) < oo, (IBT23]) . (EMD and (IPS) . 
Finally, the integrals over [0,T] x [M + 1, oo) can be computed to r M T + (r A/ ) 3 -|. 
By decreasing the constants r M , M > if necessary, we can ensure that the latter 
quantity tends to in the limit M — > oo. This finishes the proof. □ 

7. Proof of Proposition 12741 

7.1. Local large deviations upper bound. The goal of this section is to establish 
the local large deviations upper bound with the function I. We start with the local 
large deviations upper bound for paths 7 G A. For the definitions of the function / 
and the space A we refer the reader to the outline in section [2j 

Proposition 7.1. For each 7 G A the local large deviations upper bound 
(7.1) limlimsupllogP(p JV G B(-y,6)) < -J( 7 ) 
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holds. 

Proof. Step 1. Fix a path 7 £ A and a function g £ S as in the definition of the 
function I. Setting Z 9 N (t) = (p N (t), g(t, .)), t £ [0,T] and using; Ito's formula, one 
deduces 

1 * 

(7.2) dZ 9 N (t) = H 9 (t, p N (t)) dt + -J2 a ( F p N (t) {Xi(t)))9x{t, Xi(t)) dWi(t), 

i=l 

where for each t £ [0, T] and a £ Mi(R) we have set 

(7.3) # 9 (t, «) = («, .) + b{F a (.))g x (t, .) + ~a(F a (.)) 2 g xx {t, .)). 

We note that the quadratic variation process of the martingale part M 9 N of the 
process Z 9 N can be written as J Q * A 9 (p N )(s) ds, where for each £ £ C([0, T], Mi(lR)) 
and t £ [0, T] we have put 

(7-4) A'(£)(f) = (e(0,^(*)(-)) a (fc(*,-)) 2 )- 

From the Martingale Representation Theorem we can conclude that 

(7.5) dM* (t) = IV^WW) 

for a suitable one-dimensional standard Brownian motion (3^. We now introduce the 
comparison process Y$ given by 

(7.6) Y*(t)= [ t HB(8 7 j(8))ds + M«f'(t) 1 te[0,T], 

Jo 

where 

(7.7) M 9 ? = A=f y/A*(i)(s)dl3 N (s), t £ [0, T] 

V </o 

is a martingale. 

Step 2. We will show next that the processes Z 9 N {t), t £ [0, T] and ^(i), * e [0>^~1 
are close on the event p N £ -8(7,5) up to a set of negligible probability on the 
exponential scale. To this end, we fix a p £ 5(7,5), write R for .F p n(.) and i? for 
F 7 q(.), and note 

t \H 9 {t,p{t))-H 9 {t^{t))\dt 
Jo 

(p(t), b(R)g x + -a(R) 2 g xx - - -a(#) 2 te ) | dt 

+ J I (p(t), & + b{R)g x + -a(R) 2 g xx ) - (j{t),g t + b(R)g x + -a(R) 2 g xx ) \ dt 
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and 



T \A°{p){t) - A»{y){t)\ dt < f I (p(t), a(R) 2 (g x ) 2 ) - (p(t), a(R) 2 (g x ) 2 ) \ dt 



o 



T 



+ / | (p(t), a(R) 2 (g x ) 2 ) - ( 7 (t), a(R) 2 (g x ) 2 ) \ dt. 
Jo 

Since, for every t G [0,T], the measure 7 (i) has no atoms, we conclude that the 
function x i— >■ R(t,x) is continuous for every t G [0, T]. Hence, the second summands 
in both upper bounds tend to zero in the limit 5 4- uniformly in p G B('~f,5). To 
show that the same is true for the first summands, it suffices to prove 

(7.8) lim sup / f \R{t,.) -R(t,.)\dp{t)dt = 0, 
5 4-0 P eB(7,<5) Jo Jr 

since the functions b and a 2 are Lipschitz (see Assumptions (U ED- Moreover, for any 
fixed 5 > 0, the definition of the Levy distance implies that for all t G [0, T], 
p G -8(7, 5) and x G M one has 

(7.9) R{t, x-5)-5 < R{t, x) < R(t, x + 5) + 5 
and, hence, also 

(7.10) \R(t,x) - R(t,x)\ < R{t, x + 8) - R(t, x - 8) + 28. 
Thus, the claim (17. 8p can be reduced to 

(7.11) lim sup I f(R(t,x + 5)-R(t,x-8))p(t)(dx)dt = 0. 

peB( 7 ,<5) Jo Jr 

By applying Fubini's Theorem to the inner integral, we can rewrite the latter double 
integral as 

/ l {x ^ 5>x+S ]{y) p{t){dx) j{t){dy) dt = / l [y ^ s>y+S) {x) p(t){dx)j(t)(dy)dt. 

J[0,T]xR 2 J[0,T]xR 2 

Moreover, for any p G .8(7, £), the definition of the Levy distance yields the 
inequality 



l[y-6,y+S)(x) p(t)(dx) < / l [y -26,y+25)(x)l(t)(dx) + 8 

Jr 

< R(t, y + 38)- R(t, y-38) + 8. 
Hence, (17.81) will follow if we can show 

(7.12) lim / (R(t,y + 38)-R(t,y-38))j(t)(dy)dt = 0. 

Jr t 

But this follows directly from the Dominated Convergence Theorem, since the func- 
tions R{t,.) are continuous for all t G [0, T] due to 7 G A. All in all, we have 
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shown 

(7.13) lim sup / \H 9 (t,p(t)) - H 9 (t,^{t))\dt = 0, 

p£B(7,<5) Jo 

(7.14) lim sup ( \A 9 {p){t) - A 9 { 1 ){t)\dt = Q. 

s ±° peB(7,<5) Jo 

From the first identity it follows immediately that for any fixed e > 0: 
lim lim sup -|- log G 5( 7 ,5), sup \Z 9 N (t) - Y 9 (t)\ > e) 

54-0 Af-!>oo iV *6[0,T] 

< lim lim sup — log F(p N G B (7, 5), sup |Af&(i) - M$ 7 (t)| > e/2). 
54-0 at^oc iv te[o,T] 

To further estimate the right side, we note that by j3U Theorem 8.5.7] M 
Mfj"'(.) = B(t(.)) with a suitable standard Brownian motion B and 

(7.15) r(t)= I (M 9 N -M^)(s)ds, te[0,T], 



where (M 9 N — M 9 ^ 1 ) is the quadratic variation process of the process M 9 N — M 9 N 
Moreover, on the event p N G -6(7, 5): 



T(t) = 1 jf (V^)(s)- > /I^)) 2 ds < 



iV 



with a function C : (0, 00) — > (0, 00) for which lim^ C(^) — 0. The last inequality 
follows from the elementary inequality (y/xi — \fx^) 2 < \%i — ^2], ^2 G [0, 00) and 
(I7.14p . Combining this and Bernstein's inequality for Brownian motion, we deduce 

limlimsup^-logP^ G B(j,6), sup \M 9 N {t) - Mff {t)\ > e/2) 
540 N^oc N te[o,T] 

< lim lim sup — log P( sup B{t) > e/2) 

54-0 at^oo N te[0,C(5)/N] 

< lim lim sup — logexp ( — e 2 N / (4C (5))) = —00. 

(540 V-5.oo N 

Step 3. From the definition of the metric on the space C([0, T], Mi(R)) and the fact 
that the Levy distance and the bounded-Lipschitz metric on Mi(M) generate the same 
topology, we see that there is a function r : (0, 00) — > (0, 00) with Hm^ ^(^) = 
and 



(7.16) pe S( 7 ,5) =H|(p(.),0)-(7(O.0)lloo:= SU P l(p(*)^)-(7(*)^)l<r((5). 

te[o,T] 
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Hence, using the result of the previous step we can conclude 
limlimsup — logF(p N G 5(7,5)) 

54-0 at^oo N 

= lim lim sup -|- log P(p" e 5(7,5), sup \Z%{t) -Y 9 {t)\ < e) 
sxo n-^oo iv te[o,T] 

< limlimsup llogP(||(p 7V (.),^)-(7(.)^)lloo<r(5), sup \Z 9 N {t) - Y 9 N {t)\ < e) 

54,0 tv->oo te[0,T] 

< lim sup 4 log P( sup \{j{t),g)-Y£{t)\<2e). 

TV^oo iv te[o,T] 

Step 4. To evaluate the latter upper bound, we will show next that the sequence 
Y^, N G N satisfies a LDP on the space C([0,T],R) with a good rate function I 9 . 
Indeed, define the operator 

F : C([0,oo),R) -> C([0,T],R), (Fh)(t) = [ H 9 {s, 7(a)) ds + /i(Z 9 (t)), 

where ^4 9 (t) = J* * A 9 (7)(s) ds. The time-change formalism for Ito integrals (see e.g. 
[31] Theorem 8.5.7]) shows that the process Y$ can be obtained by applying the 
operator F to -j=$(t), t > with a suitable one-dimensional standard Brownian 

motion Since the operator F is continuous with respect to the uniform topology 
on the space C([0, 00), R), a combination of Schilder's Theorem ( [TBI Theorem 5.2.3]) 
and the Contraction Principle ( [TQl Theorem 4.2.1]) shows that the sequence Y^, 
N G N satisfies a LDP with the good rate function 

1 /a 9 en 

(7.17) 7 9 (/) = inf - / /i(t) 2 di. 



h,F(h)=f 2 y 
In addition, we note that F(h) = f implies 

(7.18) w'))' /w y' 

Thus, 

{ ] Uj "2i (7(n),a(i?)^) 

Taking the limit e | in the final upper bound of step 3 and using the findings of 
this step, we see that we have shown 

lim lim sup — log F(p N G -8(7, 5)) 

1 f T \MMi9} ~ bto>to + b{R)9x + Hgg^ll 2 

" 2 ,/ (7(^,^)2(^)2) 

Taking the infimum over all g G 5, we end up with the proposition. □ 
We now turn to the local large deviations upper bound for paths 7 ^ A. 
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Proposition 7.2. For every path 7 ^ A the local large deviations upper bound 

(7.20) limlimsup — log F(p N G B(~/,6)) = -00 
holds. 

In the proof of Proposition 17.21 we distinguish the cases that the path 7 ^ A has 
an atom for some t G [0, T], does not satisfy the tail estimate in the definition of 
the space A, or is not absolutely continuous in time in the sense specified in the 
outline. We will refer to the three cases as Proposition 17.21 (a), Proposition 17.21 (b) 
and Proposition 17.21 (c). respectively. 

Proof of Proposition 17.21 (a). Step 1. If 7(0) has an atom, then it is clear that 
F(p N G -6(7, 6)) = for all iV large enough. Hence, the statement of the proposition 
is trivial in this case. For this reason, we will assume from now on that there exists an 
s G (0, T], an a G R and an e > such that 7(s)({a}) = e. Moreover, we claim that 
it suffices to consider the case b = 0. Indeed, otherwise we introduce the martingale 

(7.21) MMt) = ±['^§§;W(r), t e[0,T] 
and the corresponding change of measure 



(7-22) ^ = exp {M N , b (T) - \{M N *){T)). 

Then, by Holder's inequality, for every p, q > 1 with p _1 + q~ l = 1: 
¥(p N G 5(7,5)) = E^[exp ( - M N)b {T) - i(A^, b >(T))l { ^ 6B{7 , 5)} ] 



< sup exp(V(l-^) f b(Rf/a(R) 2 dp{u)dt 

p£B{~/,6) ^ 2 J Rt 

x [exp ( - pM N)b (T) - ^(M^XT))] 1/P Q N , b (p N G 5(7, 5)) 

< exp (V(l _ I) 11^11^ T ) QnAp n e 5)) 



) 1/q . 

Here, we have used the notation R for F p i\{.). The latter upper bound reveals that, 
if we can show 

(7.23) limlimsup- log Q N , b {p N G B{j,6)) = -00, 

this would imply ( I7.20p . For the sake of shorter notation, we will assume b = in 
the following instead of proving (I7.23p . 



Step 2. Next, we fix an iV G N and a < 5 < e, and use the definitions of the 
metric on C([0, T], Mi(lR)) and the Levy distance together with the union bound 
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to obtain 

F(p N E 5( 7 , 5)) < ¥(p N (s)([a - 5, a + 5]) > e - 5) 

N 

= p (E 1 {i^)-i<^ >^( e - 5 )) 

i=l 

^ i^N( N x\i) sup H\zt\s)-a\<6, i = l,2,...,\N(e-Sy\). 
\\N{e-d)\J tti,... 1 u rw(e _ J)1 

Here, f"JV(e — £)] is the smallest integer not less than N(e — 5), the supremum is taken 
over all processes u\, w 2 , . . . , Ufjv(e-5)i adapted to the filtration generated by the Brow- 
nian motions W\, W 2 , ■ ■ ■ , Wjv, which take values in the interval [inf[o,i] cr, sup[ 01 i <r], 
and we have set 

(7.24) Z^\t) = Xi{0) + / Ui(r) dWi(r), t E [0,T]. 

Since each Ito integral J Q S Wj(r) dWi(r) is given by the L 2 -limit of stochastic inte- 
grals of processes adapted to the filtration generated by W\, W 2 , ■ ■ ■ , Wn, which 
are piecewise constant in time, it suffices to take the supremum above over the 
space of the latter. For this reason, we now let u\, u 2 , ■ ■ ■ , U|-jv( e -<y)i be simple pro- 
cesses, which are constant on each of the time intervals [0, ii), . . . , [tk, s) for some 

= t Q < ti < ■ ■ ■ < t k < t k+ i = s and k EN. In this case the probability that we are 
looking to optimize becomes 

k 

(7.25) P(|Xi(0) +^2u i {t j )(W i (t j+1 ) - Wiitj)) - a\ < 5, i = 1, 2, . . . , \N(e -5)]). 

3=0 

Next, we fix an i E {1, 2, ... , N} and observe that the latter probability conditioned 
on all appearing random variables except for Uiitk) and Wi(tk+i) — Wi(tk) computes 
to 

II 1 {\X m (0)+J2 h j=0 u m (t J )(W m (t j+1 )-W m (t ] ))~a\<8} 
me{l,2,...,N}\{i} 

X E [ 1 {|^(0)+E, fc =0 ^fe)(^fe +1 )-H/ l (t J ))-a|<5} h(tl): Wi(t l+1 ) ~ W t {tl) : Z = 0, . . . , fc - l] . 

The latter expression shows that if Ui(tk) is not measurable with respect to the a- 
algebra generated by Wi(t), t E [0, tk], Ui(t ) , Ui(t\) , . . . , Ui{tk-\), then the probability 
we are looking to optimize can be increased by optimizing the latter conditional 
expectation over Ui(tk). Arguing by backward induction we conclude that it suffices 
to take the latter supremum only over processes u\,u 2 , . . . , u^(e-s)~\ such that the 
process Ui is adapted to the filtration generated by the Brownian motion Wi for every 

1 — 1,2, ... , \N(e — 8)1 . Hence, the supremum above can be rewritten as 

(7.26) supF(\z[ Ul) (s) -a\< 5)^ e ^\ 
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where we now take the supremum over all processes u\ adapted to the filtration 
generated by the Brownian W\, which take values in the interval [inf[ 0j i] a, sup^ ^ a]. 
A standard computation involving Stirling's formula yields 

(7 ' 27) Jf l0g ([7V(f- 6)] ) = " el0ge " (1 " £) l0g(1 " e) - 

From this and (I7.26P we conclude that it suffices to prove 



limsuplimsup^-logsupPQZ^s) - a\ < S)^^ 5 ^ = -oo, 

that is: 



(7.28) limsupsupP(|z{ ni) (s) - a\ < 5) = 0. 

(54,0 ux 

Finally, this latter statement follows immediately from the stronger result in [30| 
Theorem 1]. □ 

Proof of Proposition 17.21 (b). Let 7 ^ A be such that 

(7.29) / ( 7 (t),|x| 1+?? )dt = 00. 



Applying the same argument as in step 1 in the proof of Proposition 17.21 (a), we may 
and will assume 6 = 0. Now, for each K > 1, let fx be an infinitely differentiable 
function taking non-negative values, which satisfies 

(7.30) f K (x) = on [-K,-l] U [1,K], f K (x) < 1 on [-1,1], 

(7.31) \f' K \ 2 <4f K i ll/jclloo < 2K 1+r >, H/^IU < 2K l ~\ ||/£|U<2. 
Such functions can be constructed by smoothing the continuous functions 

(7.32) Ixl^n^^ + i^+'U^, 

-K}VJ[K,oo) 

around the points — K, and K. 

Next, we fix an R > 0, introduce the stopping times 

(7.33) T N>K>R :=mi{te[0,T]: (p N (t)J K )>R} 

and recall sup iVgN (p Ar (0), |x| 1+,? ) < 00 (see Assumption [1]) . From the latter inequality 



it follows that there is a constant Co > such that 



(7.34) supsup(p Ar (0),/ i ,)<C 



K>1 TVeN 

Hence, applying the Ito's formula, we may conclude 
(7.35) 

N *T NiKiR AT 



P(r w < T) < P(- / f'K(Mt))v(F P »(t)( X M)) m(t) >R- A*J : 

i=i ^° 



where we have set 

(7-36) A Jf = cb + i||/^||oolHlLr. 
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Writing the random variable appearing in the latter probability as 

(7-37) / f K (XM)MF P -(t)(Mt))) 2 dt 

i=i ^° 

for a suitable standard Brownian motion /3 and using \f' K \ 2 < 4/#, we deduce 
W(t n>K;R <T) < P( sup p(t)>R-A K ) 

^ expf-iV ^'f^f ), J R>supA A -. 

Now, we recall the fact that the Levy distance and the bounded Lipschitz metric 
(7.38) d BL (a l ,a 2 ) := sup / /dai- / f da 2 

ft ||/||oo+L»p(/)<l «/k 

generate the same topology on Mi(R), where we wrote Lip(f) for the Lipschitz con- 
stant of / (with the convention Lip(f) = oo if / is not globally Lipschitz). Therefore, 
there is a function r taking positive values, for which lim^o = and such that 
for any Qfi, o. 2 € Mi(R) and any bounded Lipschitz function / : R — >■ R: 



(7.39) fdat- fda 2 < (\\f\U + Up(f))r(d L (a u a 2 )). 

Jm. Jr 

Thus, in view of the previous estimate, we have 

P(/e%*)) 

< PjV 1 J (p N (t)J K )dt>T- 1 ( 1 (t),f K )dt-(2K 1+r > + 2K 1 - r >)r(6) 



( AT {T- 1 Jo ( 7 (t), fx) dt - (2K^ + 2K^)r(5) - A K ) 

< exp — N— ^ - 

V 4((T~i J T ( 7 (t), /*) dt - (2Ki+« + 2Ki-v)r(5))T 

for all K large enough and 5 > small enough. It follows that 
(7.40) limlimsupllogP(p^ e B( 7 , *)) < ~ ^llMlM^M. 



W AT-oo iV 7 - 4/ J (7(t),/*)dt||<7| 



2 

00 



By taking the limit K — > 00 and using sup A>1 Ak < 00 and ( 17.29 j) . we end up with 
the desired estimate. □ 

Proof of Proposition 17.21 (c). We proceed as in the proof of Proposition 17.11 
to conclude that f)7.20p must hold, if there is a function g e S such that the map 
t 1 — y ( / ~f(t),g) is not absolutely continuous on [0, T], as a consequence of the fact that 
the rate of not absolutely continuous trajectories is infinite in Schilder's Theorem. □ 
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7.2. Exponential tightness. The following proposition establishes the exponential 
tightness of the sequence p N , N G N. 

Proposition 7.3. The sequence p , N G N is exponentially tight on C([0, T], Mi(R)) 
in the sense that for every M > there exists a compact set Km C C([0,T], Mi(R)) 
/or which 



(7.41) 



limsup — logP(p 7V i K M ) < -M. 



Proof. Step 1. We prove the proposition by checking the criterion for exponential 
tightness in |9] Lemma A. 2]. To this end, we need to show that for all rational 
t G [0,T] the sequence p N (t), N G N is exponentially tight on (Mi(R), df,), and that 
for any fixed e > one has 

(7.42) limsup i-logP( sup d L (p N (s), p N (t)) > 

The first assertion is shown in step 2 and the second one in step 3. Here, oIl stands 
for the symmetrized Levy distance defined in the introduction. 



-oo. 



Step 2. Consider the function 

set 



— y R, x i— > \x\. By Prokhorov's Theorem the 



(7.43) 



{a G Mi(R) : (a, 0) < C} 



is pre-compact in (Mi(R),di) for any C > 0. Hence, to prove the first assertion, it 
is enough to show that, for each rational t G [0,T] and any M > 0, one can find a 
C > such that 



(7.44) 



1 



limsup — log P((p JV (£),0) > C) < —M. 

N^oo N 



To this end, we first apply Markov's inequality to obtain for any C > 0: 



< 



m P N (t), 0) > c) = p(i£ |x 4 (*)i > c) 

i=l 

/ 1 — I /"* 

P (^E| / ^wW«))) d ^( s 



iV 



< e 



-(C-HfcllooT-^CO)^))^ 



sup E 



Ml,...,1iJV 



> c 



,T-(A0)^) 



Here, the supremum is taken over all processes ui, . . . ,wat adapted to the filtration 
generated by the Brownian motions W\, . . . , Wn, which take values in the interval 
[inf [ 0) i] a, supj 01 ] a], and we have set 

(7.45) 



Z<*\t) = f Ui(8)dWi{s), t G [0, T]. 
Jo 
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Arguing as in step 2 in the proof of Proposition 17.21 (a) . we conclude that it suffices to 
take the supremum over processes ui, . . . ,un such that, for each i = 1,2, . . . , N, the 
process Ui is adapted to the filtration generated by the Brownian motion Thus, 
the upper bound on F((p N (t), 0) > C) simplifies to 



(7.46) 



-(c-mcoT-ipPM^N gupE 



3 |zC»i)(t)| 



A 1 



where now the supremum is taken over all processes u\, which are adapted to the 
filtration generated by W\ and take values in the interval [inf[o,i] cr, supr 01 i a]. We 
conclude 



limsup-logP((p 7V (t),0) > C) < -(C 



-J- ( Po ,0)) + logsupE 



due to Assumptions [H |2j By viewing as the result of a time change applied to 
a standard Brownian motion /3, we deduce 



(7.47) 



sup E 



ui 



< E 



sup 



t I/3WI 

"J *- 



The latter two estimates yield (I7.44p . 



Step 3. It remains to show f)7.42p . From the proof of [121 Theorem 11.3.3] we deduce 
that for all < sA < T: 



N 



d L (p N (s),p N (t)) < 2 - sup ^W)-W))) 

WV /:||/I|oo+Lip(/)<1 I ~ 
, 1 N \ ! 



i=l 



Combining this with 

(7.48) \Xi(t) - Xi(s)\ <\j\(F pNir) (X i (r)))dW i (i 

we see that it suffices to prove 

1 / 1 N I f* 

limsup-logP sup \ viF^XiWdWi 

HO N&fi ^ v 0<s,t<T,|t-s|<<5 ^ ~[ 1 Js 



It - s 



> e 



-oo 



for any fixed e > 0. In fact, we will show 
(7.49) 



1 1 N 

lim sup — log P ( — > 

/fin »r,« /V V /V 



sup 



5^0 ArgN A?" VA^ — 0<s,t<T,|i-s|<<5 



aiF^aX^dW^r) 



> e 



-oo 
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for all e > 0. Using Markov's inequality and following the arguments of step 2, we 
can bound the left side of (I7.49P from above by 



lim sup — log ( e~ xm E 



-eA + lim log E 

810 



exp ( A sup sup 

ui 0<s,t<T,\t~s\<8 



exp ( A sup sup 

ui 0<s,t<T,\t-s\<5 



Z {ui \t) - Z {ui \s)\ 



N 



with arbitrary A > and where the supremum is taken over all processes U\ taking 
values in the interval [inf[o,i] CjSup^i] cr] and adapted to the filtration generated by 
W\. Viewing Z^ again as the result of a time change applied to a standard Brownian 
motion f3, we can estimate the latter upper bound further by 

— eA + lim log E 

5;o 



exp (A sup \P(t) - P(s)\ 

0<«,t<T||<T||g o ,|t-«|<*[| < T||3 ) 



Now, combining the bound 



(7.50) 



sup \0(t) -P(s)\ < 2 sup \P(t)\ 

0< S ,t<T||a||2 ,|i- S |<5||<7||2 0<t<T|Mllo 



with the Dominated Convergence Theorem, we see that the second summand in the 

latter upper bound is equal to zero. In other words, we have shown 

(7.51) 

ft 



1 / 1 N /"* 
limsup— logP (-jrrV sup / a(Fi V(r) (X i (r)))dWii 

610 Nm 1\ \1M *—fo< s ,t<T,\t~s\<6 Js 



> e < -eA 



for all A > 0. Thus, we can finish the proof by taking the limit A — > oo. 

8. Proof of Proposition ~ 



□ 



In this section we show the local large deviations lower bound for paths 7 6 5 and, 
thus, complete the proof of the LDP. 

Proof of Proposition 12.51 Step 1. We may assume that 1/(7) < 00. Fix a 7 G Q 

and an N G N. We write R for F 7 o(-) as before and recall the existence of a Lipschitz 
function h G C&(Rt) of (11. lip given explicitly as 

, Rt ~ (A(R)R X ) X 
(8 ' 1} k = A(R)R X 

due to positivity of R x . Next, we introduce the processes 



N x 

8.2) M N (t) = ^[ (lh(t,X l (t))a(F pN(t) (X l (t))) + 



N 



b(F pN{t) (X i (t)))\ 



ff (F^ (t) (Ai(t))) 



) m(t), 



(8.3) A N (t) = J2 



i=l 



-h(t,mMfy®m))) + a{FpN{t){Xtm ) 



dt 



on [0, T\. By Girsanov's Theorem there is a unique probability measure Q given by 
(8.4) ^ = eM M N (T)-A N (T)/2), 
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and under 
(8.5) 

dXi(t) = - 



; / i (t,X,(t))a(F pJ v w (X l (t))) 2 dt + a(F pJ v w (X J (t)))d^(t), i 



N, 



where W±, . . . , W$ are independent standard Brownian motions. Moreover, we ob- 
serve the identity 



(8.6) -A N (T) 



N 

y 



1 h(t,x)a(F pN(t) (x)) + ^tjj jV^Wdi- 



Now, letting R := F p (.)(.), h := \ ha(R) + and /i p := | ha(R) , 
a generic element of the ball -8(7, 5), and applying the triangle inequality, we deduce 



b(R) 



where p is 



h p p(t)(dx) dt- 
h 2 p p(t)(dx) dt- 
h 2 p(t)(dx) dt 



h 2 1 {t){dx)dt 
h 2 p{t)(dx) dt 
h 2 1 (t)(dx)dt 



sup 

peB( 7 ,<5) 

< sup 

P6B( 7 ,<5) 



+ sup 

P6B( 7 ,<5) 

We claim that the first term in the latter upper bound converges to in the limit 
5 4 0. Indeed, opening the square and using the boundedness of h, b and a, the fact 
that the values of a are bounded away from and the Lipschitz property of b and a 2 , 
one can reduce the statement to the identity (17. 8p . Moreover, the convergence of the 
second summand to in the limit 5 4- can be shown by moving the supremum and 
the absolute value inside the time integral and applying the Dominated Convergence 
Theorem. All in all, we conclude that for any fixed e > 0: 
1 



•7) 



-A N (T)-N- J(j) 



h 2 1 (t)(dx) dt 



< Ne 



on the event p £ -8(7, 8) for all 5 > small enough. 



Step 2. Holder's inequality and the result of step 1 show that, for any fixed e > 0, 
all S > small enough and all p, q > 1 with p~ x + q~ l = 1, we have the estimates 

1 

2" 



P(p JV G 5(7,(5)) 
> E 



exp (M®(T) 



-^Ar(T)]l{ p iV ejB ( 7i5 )} 



- q -M®(T) + f A N (T) 
p 2p 



-p/q 



> e -(l+£W(7)-M) 



exp(-^(r)-^(T))e^ 



P N eB( 7 ,6)y 

p/q 



where 



Ejf(^'.W^W))) + ^»)d«?W. 
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The latter lower bound reveals that it suffices to show 

(8.9) lim Q(/6%i)) = l, 
since then the statement of the proposition follows from 

(8.10) lim lim lim lim -J- log \e~ (1+ p )N{JM+e) Q(p N G B( 1 ,5)) P ] = -Jh). 

Step 3. To prove (18.91) . for any fixed N G N, we let QN,h be the law of p N under Q. 
Then, arguing as in steps 1 and 2 in the proof of [3?3, Theorem 1.1], one deduces the 
tightness of the sequence QN,h, N G N. Indeed, the proof given there relies on the 
completely general compactness criterion for subsets of C([0, T], Mi(R)) given in [TT] 
Lemma 1.3] and can be carried out mutatis mutandis by using the boundedness of 
the drift and diffusion coefficients in equation (18. 5p in place of the boundedness of the 
corresponding coefficients in the dynamics treated in [37J Theorem 1.1]. Moreover, 
the computations involving the initial conditions can be omitted here, since p N {0) — > 
Po, N — > 00 (see Assumption [p. We therefore conclude that, in order to prove ( 18.91) . 
it suffices to show that every limit point Qh of the sequence Qn,h, N G N is given by 
the Dirac measure S T 

As will become apparent from the proof, we may assume without loss of generality 
that Qh is the limit of the whole sequence Qn^i N G N. Moreover, in view of the 
Skorokhod Representation Theorem in the form of [T^J Theorem 3.5.1], we may also 
assume that the random variables p N , N G N are defined on the same probabil- 
ity space and converge to a limiting random variable p of law Qh almost surely in 
C([0, T], Mi(R)). Fixing a g G S we see by means of Ito's formula that 
(8.11) 

(p N (t),g(t,.))-(p N (0),g(0,.))= [\p N (s),(L JhpN g)(s,-))ds + MUt), t G [0, T] 
where we have set 







dt 2'"" v "' dx ' 2~ y " J dx 2 ' 

N 



(8.13) M 9 N (t) = ^f2f ^(s,X 4 ( S ))a(F pJ v (s) (X 4 ( S )))d J B t ( S ), t e [0,T] 

i=i ^° 

with p being a generic element of C([0, T], Mi(R)), R = F p q(.) as before and appro- 
priate independent standard Brownian motions Bi, B 2 , . . . , B^. 

It is clear that the left side in equation (18. lip converges to the random variable 
(p(t), g(t, .)) — (p(0), g(t, .)) for all t G [0,T] with probability one. Moreover, in 
Lemma |8J] below we will show that the measures p(t), t G [0, T] have no atoms with 
probability 1. Thus, the function R = F p ^(.) is continuous almost surely. Hence, 
arguing as in step 2 in the proof of Proposition 17.11 and using the continuity and 
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boundedness of all functions involved, one deduces that 

(8.14) lim sup / (p N (s),(L h , pN g)(s,.))ds- [ (p(s), (L h ^g)(s, .)) ds 

W->°°0<t<T J Jo 

with probability 1. Furthermore, the boundedness of the functions g x and a implies 
that the quadratic variation (M 9 N )(T) of the martingale M 9 N at time T converges to 
0. Thus, the L 2 -version of Doob's maximal inequality for non-negative submartin- 
gales implies that sup 0<t<T \M 9 N {t)\ converges to zero in the L 2 -sense as N — > oo. 
Combining the latter three observations, we conclude that the equation 

(8.15) (j>(t),g(t,.))-(j>(0),g)= [ (p(s), (L h ^g)(s, .)) ds 



o 



must hold for all t G [0,T] with probability 1. Therefore, the latter equation holds 
for all t G [0,T] and for all g belonging to a countable dense subset of S with 
probability 1. Thus, integrating by parts with respect to the spatial variable and 
recalling \o~(R) = A(R), we can conclude that R = ^q(-) is a weak solution of the 
partial differential equation 

(8.16) R t = (A(R)R X ) X + h A(R)R X . 

However, in the upcoming Lemma [8.21 we show that the weak solution of the latter 
equation is unique. Hence, R = R and p = 7 must hold with probability 1. □ 



To complete the proof of Proposition 12.51 we need to show the following two lem- 
mas. 

Lemma 8.1. Let the sequence Qn,k> N G N be defined as in step 3 in the proof of 
Proposition 12.51 Then, for every limit point Qh of this sequence and every random 
path p of law Qh, the measures p(t), t G [0, T] do not have atoms with probability 1. 

Proof. As will become clear from the proof, we may assume that Qh is the limit of 
the whole sequence Qn,Ii, N G N. Moreover, in view of the Skorokhod Representation 
Theorem in the form of [121 Theorem 3.5.1], we may assume as before that the random 
variables p N , iV G N are defined on the same probability space and converge to the 
random path p almost surely in C([0, T], Mi(M)). Arguing as in steps 2 and 3 in the 
proof of Proposition 17.21 (a) below, we see that, for all e > 0, there exists a 5 > 
such that for all s G [0, T] and a G R: 

(8.17) limsup^-logQ(p JV (s)([a-5,a + 5]) > e - 5) < -1. 

Furthermore, we can follow the arguments in step 2 in the proof of Proposition 17.31 
to deduce that, for all e > 0, there exists a 5 > and a compact interval if cl such 
that, for all s G [0, T]: 

(8.18) limsup^-logQ(p 7V (s)(M\JO >e-S)<-l. 
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Next, fix an e > 0, and let 5 > and K C R be such that f lHTTj) and (RTTgj) hold. 
Now, fix points a\, a,2, ■ ■ ■ , ai in K such that every point in K is at most at distance 
| from the set {a±, 02, ... , a{\. Combining (I8.17P for a G {a\, . . . , a/}, ("18. 18[) and the 
Borel-Cantelli Lemma, we conclude that, for any fixed s G [0,T]: 

(8.19) sup p N (s)([a- 5/2, a + 5/2}) <e-5 

a€M 

for all N large enough with probability 1. Clearly, the same is true simultaneously 
for all s in a given finite set {s\, . . . , s m } C [0, T]. 

Next, arguing as in step 3 in the proof of Proposition 17.31 we see that there is a 
K > such that 

(8.20) sup i-logQ( sup d L (p N (s),p N (t)) > 5/4) < -1. 

TVeN iv V 0<s<t<T,\s-t\< K J 

Using the Borel-Cantelli Lemma again, we see that 

(8.21) d L (p N (s),p N (t))<6/4 

for all < s < t < T with \s — 1\ < n and all large enough, with probability 1. 
Finally, we choose the number m G N and the set {si, . . . , s m } C [0, T] such that 

(8.22) sup min \t — Sj| < k. 

te[0,T] 7=1,2,.. .,m 

Picking for any t G [0, T] an element s(t) G {s±, . . . , s m } with |s(t) — t\ < k, we see 
that 

p 7V (t)([a - 5/4, a + 5/4]) < p N {s{t)){[a - 5/2, a + 5/2]) + 5/4 < e - 5 + 5/4 < e 

for all t G [0, T], all a G K. and all iV G N large enough, with probability 1. Combining 
this with the Portmanteau Theorem, we infer that, for every e > 0, there exists a 
5 > such that 

sup sup p(t)((a — 5/4, a + 5/4)) < sup supliminf p N (t)((a — 5/4, a + 5/4)) 

te[o,T] aSM te[0,T] aeM N^oo 

< limsup sup sup p N (t)((a — 5/4, a + 5/4)) < e. 

7V->oo te[0,T] aeR 

This finishes the proof of the lemma. □ 

Lemma 8.2. For every Lipschitz function h G C;,(IRy), the weak solution of the 
Cauchy problem 

(8.23) Rt = (A(R)R X ) X + h A(R)R X , 

(8.24) R(0, .) = F po 

m the space TZ = {R G C b (R T ) ■ R x (-,x) dx G C([0, T], Afi(R))} is unique. 
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Proof. We adapt the proof of [UJ Theorem 4.2 (1)] to the present situation. To 
this end, we assume first that h x < Lebesgue almost everywhere and will treat the 
general case below. We note that [UJ Proposition 2.1] applies without alteration to 
the equation ( I8.23P and asserts the existence of a bounded weak solution u to the 
Cauchy problem (I8.23p . (I8.24p . which is the pointwise limit of classical solutions Uj, 
j G N of the equation (I8.23|) (indeed, the proof of [HI Proposition 2.1] relies merely on 
[28| chapter V, Theorem 8.1] and on the maximum principle for quasilinear parabolic 
equations, which both apply to the equation (I8.23P ). 

Next, we introduce the concept of subsolutions and supersolutions for the equa- 
tion f)8.23p . Recalling the definition of the function E in f ll.4p . we call a w G 1Z a 
subsolution of the equation f!8.23|) if the inequality 

/ w{t,x)g{t,x)dx - / w{0,x)g{0,x)dx < / w g t + T,(w)(g xx - h g x - h x g) dm 
Jm. Jr JR t 

is satisfied for all t G [0, T] and all g G S taking non-negative values. Here, we wrote 
Rt for [0,t] x R. We call w a supersolution if the inequality holds in the reversed 
direction. To prove the lemma, it suffices to show that there exists an absolute 
constant c > such that 

(8.25) / (u(t, x) - w(t, x))+u)(x) dx<c (u(0, x) - w(Q, x)) + e _|x| dx 



holds for any supersolution w of ( 18.23j) . any t G [0, T] and any oj G C^°(R) taking 
values in [0, 1] (the same inequality with u — w replaced by w — u for a subsolution w 
is then shown in an analogous manner, so that the uniqueness of solutions to (18. 23ft 
in 71 follows). 

Proceeding as in the proof of [UJ, Theorem 4.2] we see that (18.251) will follow if we 
can prove the estimates (i)-(v) of [UJ Lemma 4.1] for the unique classical solutions 
of the first boundary value problems 

( t + AnjCxx + B nJ ( x + C nJ ( = on (0, t) x (-r, r), 

(8.26) C(t,x) = uj(x)x(x), x G [-r,r], 

C(s,-r)=C(«,r) = 0, se[0,t), 

where r G (0, oo) and t G [0,T] are fixed, for each j G N the functions A n j, B n j, 
C n j, n G N are smooth approximations of 

(8.27) Aj = [ A(rUj + (1 - r)w) dr, 



10 



»i 



(8.28) Bj = -h A(r Uj + (1 - t)w) dr, 



10 



(8.29) Cj = -h x / A(r Uj + (1 - r)w) dr 



o 
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such that A n j I Aj, B n j l Bj uniformly on [0,t] x [— r, r], < C n j — > Cj Lebesgue 
almost everywhere on [0,t] x [— r, r], and \ is an arbitrary infinitely differentiable 
function supported in [— r, r] and taking values in [0, 1]. The existence and uniqueness 
of the classical solution to f !8.26|) is well-known (see e.g. [28j chapter IV, Theorem 

5.2]). 

The estimate (i) of [TTJ Lemma 4.1] holds for (, since C n j > and, hence, the 
maximum principle applies to the equation ( 18.260 (see e.g. JT6J section 2.1, Theorem 
1] and note that our time direction is reversed compared to the setting there). 

The estimates (ii) and (iii) of [TTJ Lemma 4.1] for ( can be deduced by exactly 
the same arguments as in [IT], where one only needs to notice that the maximum 
principle applies to the equation (I8.26P and that in our case the functions A n j, B n j 
and C n j can be chosen to be bounded uniformly in j and n and such that A n j is 
bounded away from zero uniformly in j and n (this follows from the fact that the 
corresponding properties hold for the functions Aj, Bj and Cj uniformly in j). 

The validity of estimate (iv) of [TTJ Lemma 4.1] for ( is a direct consequence of [28| 
chapter III, Theorem 11.1]. Finally, estimate (v) of [Hj Lemma 4.1] can be shown 
to hold for C by following the lines of the proof in [TTJ and estimating the additional 
term 

(8.30) / / (C nij C)C**da;da, 

JO J-r 

which will appear on the right side of their equation (4.10), by applying the Cauchy- 
Schwarz inequality. 



Arguing as on page 394 of [TTJ we deduce from the latter five estimates 
(8.31) / (Uj(t,x) — w(t,x))uj(x)x(x) dx < c / (uj(0, x) - u>(0, x)) + e~^ dx, 



where c > is the constant in the estimate (ii). The value of c can be chosen inde- 
pendently of j, since in our case the functions Aj, Bj and Cj are bounded uniformly 
in j (see also the corresponding remark at the end of the proof of [TTl Lemma 4.1 
(ii)]). Our refined estimate (I8.3ip replacing the estimate (4.12) in [TTJ is needed, 
since the implication (4.12)=^(4.13) there is not justified. 

Choosing functions x which approximate the function l^ Uj>w y pointwise, we con- 
clude from (18.311) : 

(8.32) / ( U j(t, x) - w(t, x))+u(x) dx<c ( Uj (0, x) - w(0, x)) + e _|x| dx. 



Finally, we take the limit j — > oo and apply the Dominated Convergence Theorem 
to obtain (18.251) from f)8.32p . This finishes the proof in the case that h x < holds. 
In the general case, it is not hard to see that we can apply the same proof to the 
partial differential equation satisfied by the function U = e~ vt R for any fixed number 

v > HMoo Halloo- n 
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